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PREFACE 

TO THE SECOND EDITIOK. 



Our Common Schools have reached that stage of advancement 
which enables them to pursue a more extended course of studies than 
formerly. 

A few years ago Greographical Studies were hardly known in our 
Common Schools ; now, every chi'd is taught, at least, the elements 
of Geography. In the same way, Algebra is fast finding its proper 
place among other branches of ^n elementary education. 

In a logical point of view, there is perhaps no science so well cal- 
culated to awaken a vigorous and rigid exercise of the reasoning 
powers as Mathematics. 

Algebra and Geometry are the two great pillars of this science. 
Algebra, being more nearly allied to Arithmetic, may be made to 
precede the study of Geometry. Indeed, Algebra is a sort of uni- 
versal Arithmetic, and affords great assistance to a elear and correct 
comprehension of the various Arithmetical rules in frequent use. 

It cannot, however, be expected^ at present, that our Common 
Schools should pursue Algebra to the same extent as pursued in our 
Colleges ; still they may, to good advantage, acquire the more ele- 
mentary portions of this branch of Mathematics. 

With these views before me, I have endeavored to prepare a 
clear and concise exposition of the Elements of this important branch 
of Mathematics, trhich should be adapted to the present wants of 
our Common Schools. 

Tho plan of this work is quite similar to that of my '* Treatise on 
Algebra," and may in some respects be regarded as an Introduction 
to that work. 



4 PREFACE. 

Under Chapter YII., I have introduced a method of elimination 
by Indeterminate Multipliers. This method was first given, I be- 
lieve, by the celebrated Lagrange, in his Mecanique jSnalytique. 
I have given also, under this Chapter, an entirely new method of 
solving three simultaneous simple equations, which, from the pecu- 
liar process employed, may be called The Chequer-Board Method* 

Under Chapter YIII., I have also thought it not out of place to 
give a few examples immediately after Permutations and Combina- 
tions, on the Theory of Probabilities. 

Should these few Elements of Algebra be found to aid in elevating 
the standard of our Common School education, I shall feel that my 
object in preparing this book has been accomplished. 

GEO. R. PERKINS. 
Utica, March, 1846. 
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ELEMENTS OF ALGEBRA. 



CHAPJER I. 

DEFINITIONS AND PRELIMINARY RULES. 

DEFINITIONS AND SYMBOLS. 

{Jlrticle 1.) Algebra is that branch of Mathemat* 
ics, in which the operations are performed by means 
o£ JigureSy letters y and signs or symbols. 

(2.) In Algebra, quantities, whether given or requi- 
red, are usually represented by letters. The first let- 
ters of the alphabet are, for the most part, used to 
represent known quantities; and the final letters are 
used for the unknown quantities. 

(3.) The symbol =, is called the sign of equality; 
and denotes that the quantities between which it is pla- 
ced, are equal or equivalent to each other. Thu^, 
$1=100 centSy which is read, one dollar equals one 
hundred cents. In the same way 0=6, is read, a equals 
(. And the same for other similar expressions. 

(4.) The symbol +, is called ihe sign of addition^ or 
plus; and denotes that quantities between which it is 
placed, are to be adde^ together. Thus, a+b^=Cy is 
read, a and b added, equals c. Again, o+6 + c=cl+x, 
is read, a, 6, and c added, equals d and ,x added. 
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(5.) The symbol — , is called ihe sign of suhtractionj 
or minus; and denotes that the quantity which is placed 
at the right of it is to be subtracted from the quantity 
on the left. Thus, a — 63=0, is read, a diminished by b 
equals c. ^ 

(6.) When algebraic quantities are written Mithout 
any sign prejSxed, they are understood to be aflFected 
by the sign plus^ and the quantities are said to be posi- 
tive or affirmative; but quantities having the sign mi- 
nus prefixed, are called negative quantities. Thus, a 
is the same as -fa, b is the same as +2», and each is 
called a positive quantity ; w^hile — a, — 6, are called 
negative quantities. 

(7.) The symbol X, is called the sign of multiplica- 
tion; and denotes that the quantities between which it 
is placed, are to be multiplied together. Thus, ax 6 
==c, is read, a multiplied by b equals c. Multiplication 
is also represented by placing a point or dot between 
the factors, or terms to be multiplied. Thus, a.b is the 
same as axb. Another method frequently employed, 
is, to unite the quantities in the form of a word. Thus, 
abc is the same as a.bXj or axbxc, 

(8.) The symbol -7-, is called the sign of division; 
and denotes that the quantity on the left of it, is to be 
divided by the quantity on the right. Thus, a-r'b=Cj is 
read, a divided by 5 equals c. Division is also indica- 
ted by placing the divisor under the dividend, with a 
horizontal line between them, like a vulgar fraction. 

Thus, — is the same as x-rv. 
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(9.) When quantities are enclosed in a parenthesis, 
brace, or bracket, they- are to be treated as a simple 
quantity. Thus, (a+6)-=-c, indicates that the sum of a 
and b is \o be divided by c. Again, each of the ex- 
pressions, (x — y)-7-z; |x — y}-i-z; [x — yj-r-a:} is read, 

y subtracted from x, and the remainder divided by z. 
The same thing may be expressed by drawing a hori- 
zontal line, or bar, over the compound quantity, which 

line or bar is called di vinculum. Thus, x+yxz^ de- 
notes that the sum of x and y is tcr be mulliplied by z. 

(10.) When a quantity is added to itself several times, 
as c+c + c+Cj we may write it but once, and prefix a 
number to show how many times its value has been 
repeated by this addition. Thus, c-\-c+c is the same 
as 3c J d+d+d+d is the same as 4d. The numbers 
thus prefixed to the quantities are called coefficients* 
Thus^ in the expressions 3c, 4c!, the coefiScients of c and 
d are 3 and 4 respectively. A coefficient may consist, 
itself, of a letter. Thus, in the expression nx, n may 
be regarded as the coefficient of a: ; so also may x be 
considered as the coefficient of n. 

When no coefficient is written, the quantity is re- 
garded as having 1 for its coefficient. Thus, a is the 
same as la, and xy is the same as Ixy, 

(11.) The continued product of a quantity into itself 
is, usually denoted by writing the quantity once, and 
placing a number over the quantity, a little to the right. 
Thus, ax ax a is the same as a^. The number thus 
placed over the quantity, is called the exponent of the 
quantity, and denotes the number of equal factors which 
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are to be itiultiplied together. Also, aXaXaXa is the , 
same as a}, * • 

When a quantity is written without any exponent, it 
is understood that its exponent is 1. Thus^ a is the 
same as a*, and {x+y)xm is the same as (x4-y)'xm^ 

(12.) The reciprocal of a quantity is the value of a 
unit when divided by that quantity. Thus, — is the 

'. 1 . . 

reciprocal of a; also — is the reciprocal of b, 

(13.) An Algebraic expression is any combination 
of letters and numbers, formed by the slid of algebraic 
signs, in conformity with the foregoing definitions. 

An algebraic expression composed of two or more 
terms connected by + or — , is called a polynomial. A 
polynomial composed of but two terms, is called a bi- 
nomial; one composed of three terms, is called a tri- 
nomial. 

Thus, 3a +5ft ^ 

7a:* — By' > are binomials. 
Za— x^) 

3a*+26— X 

4m4-y -\-a} are trinomials. 

5A — X +c? 



-— --- — w ^'- 



ADDITION. 13 

ADDITION. • 

^14.) Addition, in Algebra, is finding the simplest 
expression for several algebraic quantities, connected 
by + or — . 

Suppose we wish to find the sum of 3 apples, 7 ap- 
ples, 4 apples, and 10 apples. From what we know 
of Arithmetic, we should proceed as in the following 

OPERATION. 

3 apples, 4 "• 
7 apples, 

4 apples, 
10 apples, 

24 apples=sum of all. 
If, instead of writing the word applesy we write only 
a, its initial letter, we shall have this second 

OPERATION. 

3a 

7a 

4a 

iOa 

24a=sum of all the a's. 

If a, instead of representing an apple, stands for any 
other thing, then would the sum of 3a, 7a, 4a, and lOa, 
be accurately represented by 24a. 

Frequently, in algebra, the quantities to be united or 

added, are all placed in the same horizontal line. The 

aboye quantities, when placed after this method, become: 

3a+7a+4a-|- 10a=24a. 
2 
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(15.) We may remark that in algebra the results are, 
in general, M rue, whatever values are given to the let- 
ters. In this example, suppose a=6^ and we shall have 
this .' 

OPERATION. 

3a =x 3X5= 15 

7a = 7X5= 35 

4a = 4X5 = 2D 

10a = 10X5 = 50 





24a 


==24X5 


= 120 


Again, 


suppose a — 

• 


2, and we 


have this second 






OPERATION. 




3a 


— 3X2 


= 6 




7a 


= 7X2 


= 14 




4a 


— 4X2 


— 8 




10a 


— 10X2 


— 20 



24a =24X2 =48 

As a second example, suppose James to play 6 suc- 
cessive games at marbles. The first game he wins 6 
marbles; the second game he loses 3 marbles; the third 
game he wins 10 marbles ; (he fourth game he loses 8 
marbles ; the fifth game he wins 4 marbles ; the sixth 
game he loses 5 marbles. How many marbles will he 
now have, on the supposition that he had none before 
playing ? 

It is obvious that if we subtract the sum of his losses 
from the sum of his gainSy we shall obtain the number 
which he finally has. 

If we consider the gains as positive quantities, we 
ought to consider his losses as negative quantities. 
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The sum of his gains is found i>y this 

OPERATION. 

6m 

10m 

4m 



20m = sum of gains. 
Th( sum of his losses is found by the following 

OPERATION. 

—3m 
—8m 
— 5m 



— 16m = sum of losses. 

Hence, 20m — 16m.=:4m = his final number of mar- 
bles ; that is, he had' 4 marbles after playing the sixth 
game. 

If m had represented $100, instead of one marble, 
then at the end of the sixth game, James would have 
had 4m=$400. 

(16.) From this we see that negative quantities are 
added in the same way as positive quantities, observing 
to prefix the — sign to the sum. 

If we consider distances measured in a certain di- 
rection as positive, then will distances measured in an 
opposite direction be negative. Thus, calling north 
latitude positive, south latitude must be considered as 
negative. 

Suppose a ship, in 20 degrees north latitude, to sail 
15 degrees south, then 6 degrees north, then 30 degrees 
south, then 6 degrees north, and finally to go 10 de- 
grees south. What latitude is she in "^ 
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. Counting from the equator slie is already 20. degrees 
north, to which adding the northings madcj we have 

20d+ed+5d=z31dy 
for the latitude in which she would have been in, pro- 
vided she had^ made no southing. Where it mny be re- 
marked that we use d to represent one degree. 

The sum of the southings is 

—15d^30d—10d= — 66rf. 

Uniting the sum of the northings with the sum of the 
southings, we get 

3ld— 65d=— 24d. 

Now since the result is — , it shows that she is south 
of the equator, that is, she is in 24 degrees south lati- 
tude. 

(17.) It must always be borne in mind that the office 
of the negative sign is to denote a state, condition, or 
eflFect, directly .opposite to that denoted by the positive 
sign. 

If the credits in a book account are considered as 
positive, the debts must be made negative. 

If the degrees of a thermometer above zero are call- 
ed -f-, then those below must be called — 

We are now prepared to give a rule correspondii^ to 

CASE I. 

(18.) When the qMtntities are alike hut have unlike 
signs. 

RULE. 
J. Find the sum of the coefficients of the positive 
quantities; and also the sum of the coefficients of the 
negative qfianfUvi 
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//. Subtract the lkss sum from the greater. 

III. Prefix the sign of the greater sum to the remain* 
derj and annex the common letter or letters. 

1. Find the sum of 

3c — 2c+5c — 4c. 

The sum of the coefficients of the positive terms is 

3+6=8. 
The sum of the coefficients of the negative terms is 

—2—4= —6. 

The difference is 2, to which, giving the sign of the 
greater, annexing the common letter, we have 2c for the 
sum sought. 

In practice, we usually write all the different terms 
under each other, as in Arithmetic. Thus, 

3c 
—2c 

be 
—4c 



2c=sum sought. 

Let this same example be wrought on the supposition 
that c=10. 

3c = 3X10= 30 
—2c = — 2X 10 = —20 

5c= 5X10= 60 
—4c = — 4 X 10 = —40 



2c = 2X10= 20 
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When c= J it becomes 

30=^ 3Xi= IJ 
— 2c = — 2Xi =—1 
5c= 6xi = 2i 
— 4c = — 4Xi =—2 



2c = 2X1= 1 
2. What is the sum of 

lab—3ab+2cb+5ab—10ab ? 

OPERATION. 

lab 

—3ab 

2ab 

5ab 

—lOab 



ab 
If the beginner finds the above too diflScult, he may 
arrange the positive and negative terms in two distinct 
columns as in this second 

OPERATION. 

lab— 3ab 
2ab — lOab 
bob 



14a6 — \Zab=ab. 

3. What is the sum of Zax — 2ax-\'bax — ^7ax+4ax ? 

Jlns, 3(7X. 

4. What is the sum of Ubc—lObc-^Vibc—bc 1 

Ans, 176c. 

5. What is the sum of 49axy — Zlaxy — IQaxy 
+100axy — ^axy-^-^axyl Ans. lOOaocy 
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6. What is the sum of 6pq-\'3pq — Ipq+Spq — pq ? 

,Jins. 9pg. 

7. What is the sum of 3mg — mg-\-67ng — Smg 
+ 10mgl Ans, lOmg. 

8. What is the value of lOA— A+6A— 20A+8A, 
whenA=51 Atis. 34=3x6=15. 

^ 9. What is the value of 4x — lOx+a: — €a:+5a:, w hen 
x=4? Ans, — 6x=— 6X4=— 24. 

10. What is Ihe^value of 3ad — cd+6ad— 12acf, when 
0=2, and d=3 ? Jins. —4ad= —4x2x3= —24. 

CASE 11^ 

(19.) When both quantities and signs are different. 

Suppose we wish to find the sum of 3a — 56+6a+25 
— 7a— 6+4a4-86. 

We first proceed to find the sum of the a's by Case I. 
Thus, 3a 

6a 
—7a 

4a 



6a=:the sum of the a's. 

In the same way we find the sum of the 6's, as fol 
low^s : 

—56 , 

2b 
— b 

85 



4(=the sum of the 5's. 
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.Coanecting these two results with their proper signs, 
we get 6a-4-4A for the sum sought. 

From this we see that examples under this Case' may 
be wrought by the following 

RULE. 
/. Find the respective sums of like terms as in Case L 

11. Then write these sums one after another ^ with th^r 
proper signs. 

EXAMPLES. 

'1. What is the sum of Sax — 2ab'^-4:xy — 2flx-|-3xy 
+lab—2xy+6ax ? 

3ax 

— 2ax 

6ax 



7aa:=sum of the terms containing: ax. 



■2ab 
lab 

5a6=sum of the terms containing ab. 



4:xy 

3xy 

-'2xy 

5xy=sum of the terms containing xy. 



Therefore, 7ax-|-5a6+5j:y=the total sum. 
2. What is the sum of b~8x—y+8x+ey—4y—lb . 
+3y— 3x+10x— y-J-96— x+3A+8i ? 
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By arranging the corresponding terms under each 
other, we obtain the following ' 

OPERATION. 





\ 

6an 

Ian 

San 

iOan 

ban 


b— 8x— y 

-76 + 8x + 6y 

96— 3a; — 4y 

36 + 10a: + 3y 

86 X y 




3. 

4a«+ 
— 3a«— 
2a«— 
5o«+: 


146 + 


6x + 3y 

4. 

4am^ — 3am* — 6o6 

— 7am+ 4am*-|- a6 

— Sam^ — 10am* — 6a6 

am-^- am* -|-20a6 


8««+ 


— 10am — 8am*-|- 


9a6 



5. 

2a*x— 3aa:*+ 2a6 
— 7a*a:+ 4aa:*— 8a6 
— 6a*x+l0aa:*+12a6 

— lla*a:+llaa:*+ 6a6 



6. 

Sa'^h^—lab^+baxy 
sja^*—2ab^— axy 
8a*6»+ a6^— 7aa:y 

4a*6»— 8a6*— 3axy 



7. What is the sum of Sah-\'^am — 9xy-|~3a6 — xy 
+4aA+10am — ^aiy — 6a6+6a?y+4aA — 13am ? 

,B7is. l]aA-|-3am — 12ffy — 3a6. 
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8. What is the sum of ar^ — V + 4xy — 7ar^ + 8y* 

Ans, — a:*4-%^+6xy. 

9. What is the sum of 3fl/— Sg^+Vx— fl/+6g^— 
lOx+x— 4^/+3g^— 7x+A*+a:— 3A* ? 

j?w5. — 2f//+6g2— 8x— 2A^ 

10. What is the sum of 3an^— 6a'n+6aV — a'n 
+7an«~ 6o»n+7oV— lOan^+Sa^n+Sfln* ? 

^n^. Sfln^— 10a»n+12aV. 

11. What is the sum of 3aa:+6ix+7cx — ax — 2lx 
— Scz+lOox — 126x-|-66x — 1 lca:+4aa;+6ix — ex ? 

w4n^. 16ax+3ix — Sex. 

12. What is the sum of 7r^+3ry+y^ — r^ — 4ry+6y^ 

•>^n^. 8r«—l 6ry +13y^ 

13. What is the sum of 8m^-r-mn+6n* — m^'\-Zmn 
— 671^^+477171— 4m* — 571^+6771^ — 6m7i ? 

Ans. 9m^ — Sti*. 

14. What is the sum of 16p*+ll/)*g — 5p^ — q* 

Ans, ep^q+}3pf. 

15. What is the sum of 8a7nx — 4xy+5y*+9a77?x 
+ lOxy — 1 ly*+a77ix+6xy+ 17^^^ — 3amx ? - 

Ans, 16amx+llxy-|-lly'. 
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SUBTRACTION. 

(20.) Subtraction, in Algebra, is finding the sim- 
plest expression for the difference of two algebraic ex- 
pressions. 

If we wish to subtract b from a, we obviously obtain 
a — by (Art. 5,) which is the same as the addition of a 
and —^6. 

Again, if we wish to subtract b — c from a, we first 
subtract b from a and find, as above, a — b for the result. 
Now, it is obvious, that we have subtracted too much 
by the quantity c, therefore, adding c to the above result, 
we finally obtain a — J+c, which is the same as the 
addition of a and — 6+c. 

From this, we conclude, that subtracting ? quantity, is 
the same as adding it after the signs have been changed. 

Hence, for the subtraction of algebraic quantities, we 
have this 

RULE. 

L Write the terms to be subtracted^ under the similar 
terms y if there are any^ of those from which they are to 
be subtracted. 

II. Conceive the signs of the terms of the polynomial 
which is to be subtracted, to be changed, and then pro- 
ceed as in addition. 

EXAMPLES. 

1. From 4a-f-36 — 2c, subtract a-\'2b+c. 

Actually changing the signs of the polynomial to be 
subtracted, and then placing it under the other polyno- 
mial, and proceeding as in addition, we have this 
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OPERATION. 

4a+3b—2c 
--a— 2b— c 



3a-|- b — 3c difiference sought. 



In practice we do not usually change the signs, but 
only conceive them to be changed, before performing 
our addition. 

2. 3. 

From 326+ 3a From eabp—3xy 

Take 56+18o Take —2aby+2xy 



Remainder 276— 15a Remainder Saby — 5xy 



4. 6. 

From a:^+2xy+y* From 13a:'y— 4xy*+ y* 

Take x^—2xy+y^ Take 6ar^y+ xf— y» 

Rem. 4xy Rem.^ lar^y — 5xy^-\'2y* 

6. From 17a6c+6' — 36c, subtract abc — 66'— 46c. 

Jlns. 16a6c+76'+6c. 

7. From 11a* a: — 13aa;' + 176x% subtract lOa^x 
—I5ax^—19bz^. Ans. a«a;+2ax«+366ar^. 

8. From 4my — 3na: + 5mw, subtract 3my—Anx 
— 5«in. Arts. my+nx+lOmn. 

9. From 9gA' — 7gy+5Am', subtract 3gh^ +bgy 
+Am'. Atis, 6gh^—12gy+4hm*. 

10. From llaVy+3ax — 6a6+mg^ — 3a;y, take 6xy 
+4aVy — 6aa;-f-9a6. 

•Aw. 7a^a:'y+9aa:-r-14a6+mg' — 3ap*y*— Say. 
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11. From 3a*w — 6x^y^ '\-2xy^ take 4a'm+6xy 
+5a:y. ^n^, — a'^m — 12a^y^ — 3xy. 

12. From 3a%c — 7ary+3my+a, take a'ic+8axy 
-^r^a — 4wy. «>57i^. 2a^5c — 15axy'\-'7my — 6a. 

13. From 4ai*—3a»6+5m'»+6n«, take a6»+a»J—m* 
+n^. Ans, 3aJ«— 4a»6+6m»+5»*, 

(21.) We can express the subtraction of one polyno- 
mial from another, by writing the polynomial which is 
to be subtracted, after enclosing it in a parenthesis, im- 
mediately after the other polynomial from which it is to 
be subtracted, observing to place the negative sign be- 
fore the parenthesis. 

Thus, ah — ^xy+Zam — ( — Sai-j-xy — am), denotes that 
the polynomial enclosed in the parenthesis, is to be sub- 
tracted from the one which precedes it ; and, since to 
perform subtraction, we must change all the signs of the 
terms to be subtracted, it follows that the parenthesis 
m^y be removed, provided we change the signs of all 
the terms which it encloses. 

The above expression will thus become, 
ah — 6a:y-f-3am+3a6 — ^zy-j-^^* 
-which, reduced, gives 

4a5 — 7xy+4am. 

In the same way we have 

a^h+xy — lam — (mx+6 — 13a:*), equivalent to 
a^h-\'Xy — lam — mx — 6 -J- 13a:*. 
Also, 4axy— 3oy*— 7a;»— (13a— wyH-6), is the same 

as 4aa:y — 3ay* — It? — 13a+my-- 6, 
It is-aiso obvious that we may enclose any number of 
terms of a polynomial, within a parenthesis, with a nega- 
3 
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tire sign before it, if we observe to cbange the signs of 
all the terms thus ehcloseiK 

In this way, the polynomial 

a*6 -|-xy — 7am — mx — 6 + 1 3a:^, 
is made to take the following successive forms : 

o%+a:y — lam — (mx+6 — 13a:*) 
cP'h'^-xy — (7am+?7w:-|-6 — 13a:*) 
a*6 — ( — ^ay-|-7am4-wia:+6 — 13a5*) 
a*ft4-a:y — lam — mx — (6 — 13a:*). - 



MULTIPLICATION. 

(22.) If we wish to multiply a by 6, we must'repeat 
a as many times as there are units in &, which, by (Art. 
7,) is done by writing 6 immediately after a. Thus, a 
multiplied by 6, is ah. 

Again, if we wish to multiply a by — 6, we observe 
that this is the same as to multiply — 6 by a, hence, we 
must repeat — 6, as many times.as there are units in a* 
Repeating a minus quantity once, twice, thrice, or any 
number of times, can not change it to a positive quan- 
tity. Therefore, — J, multiplied by a, or, which is the 
same, a multiplied by — 6, gives — ah. 

Finally, if we wish to multiply a — h by c — d, we first 
multiply it by c; thus, a multiplied by c, gives ac^ and 
— h multiplied by c, gives — 6c, or the work may be 
written as follows : 
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Or — b 
C 



ac — bc=a — b repeated c times. 

This result is evidently too great by the product of 
a — b by d, since it was required to repeat a-^5 as many 
times as there are units in c less d. 

Repeating a — b as many times as there are units in d, 
we hare 

a — b 
d 



ad — bd=a — b repeated d times. 



Subtracting this last result from the former, we have, 
(Art. 21,) ac — be — {ad — 6d,) which becomes ac — be 
— ad'\'bd=a — b repeated (c— d) times. 

Hence, we see that — 6, when multiplied by — d, pro- 
duces in the product -^-bd. 

(23.) From all this^ we discover that the product will 
have the sign 4-j when both factors have like signs ^ and 
the product will have the sign — , when the factors have 
contrary signs. 

(24.) If we wish to multiply 3q'6 by 4a'6*, t^jb ob- 
serve that, (Art. 11,) 

Sa^J =i3aab 
4a^b^=4aaabb. 
Hence, the pioduct of 3a% by 4a*i*, will be, 
Saab X 4aaabb=12aaaaabbb=;=12a^b^. 
From which we discover, that the exponent of a, in 
the product, is equal to the sum of the exponents of a in 
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the factors ; likewise, the exponent of 6, in the product, 
is equal to the sum of the exponents of b in the factors. 

HencCy the product of several letters having different 
exponents is equal to the product of all the letters hav- 
ing for exponents^ the sums of their respective expo- 
nents dn the factors. 

CASE I. 

(25.) From what has been said, we have for multi- 
plying together two monomials, this 

RULE. 
I. Multiply together the coefficients^ observing to pre- 
fix the sign -^ when both factors have like signs; and 
the sign — when they have contrary signs. 

IL Write the letters one after another; if the same 
letter occur in both factors^ add their exponents for a 
new exponent. It must be recollected that when no ex- 
ponent is expressed^ 1 is understood to be the exponent j 
{Art. 11.) 

(26.) As in Arithmetic, it is obvious the product will 
be the same, in whatever order the letters are placed, 
but it will be found more convenient in practice, to have 
a uniform order for their arrangement. The order usu- 
ally adopted, is, to place them alphabetically. 

EXAMPLES. 

1. Multiply llaa^y by Sa^ . 

Ans. 33aVy*. 

2. Multiply lab by Zac 

Ans. 21a^bc. 
S. What is the product of 12xyz by \0x% 

Ans. 120«*yz. 
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4. What is the product of 8mn by 4m*ft* 1 

Jlns. 32mV. 

5. What is the product of — 3a^y by 6ag1 

Ans. — l^^gy. 
Vo 6. What is ihe product of \2ar by — 3a6c ? 

Ans. — 36a^6cr. 
7. What is the product of — 6x'y by — Ix^ 1 
^ Ans. 42a;V*- 

(^ 8* What is the product of — 10aw}n^ by — 11 1 

Ans. llOam'n*. 
9. What is the product of — Iflxy by Say 1 

Ans. — 4a*ary'. 
IC Multiply — \ax by — \ay, 

Ans. \a^xy» 
11. Multiply — Igm by — \m\ 

Ans, i\rg^*» 
. 12. Multiply \ax by \axH, 

13. Multiply ImH^p' by 6mny. 

Ans. 42m"n*«p*^ 

14. Multiply 3x by — Ixy^. 

Ans. — ^21a:*y*. 

15. Multiply — 15a5c by —2a''hc^. 

Ans. 30aVc*. 
1§. Multiply — ^amg by |aa:y. 

•Aw. — )|a*mgxy. 
17. Multiply IffA by — fg-W. 

CASE II. 

(27.) It is obvious that polynomials may be multi 
plied by the following 



\ 
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RULE. 

I. Multiply all the terms of the multiplicand^ succes- 
sively by each term of the m,ultiplier^ and observe the 
same rules for the signs and exponents ^ as in Case L 

II. When there arise several partial products alikcy 
they must be placed under each other and then added to- 
gether in the total product, 

(28.) The total product will be the same in whatever 
order we multiply by the terms .of the multiplier, but for 
Jthe sake of order, and uniformity, we begin with the 
left-hand term. By this means we are always extending 
our work towards the right, which is more natural and 
simple, than to commence on the right, and extend the 
work towards the left, as we are compelled to do in 
arithmetical multiplication. 

EXAMPLES. 

1. What is the product of 3a' — 6ax by 3a — ml 

OPERATION. 

3a* — 6cLX multiplicand. 
3a — m multiplier. 



9a' — iSa^x — 3a'm+6awia;=total product. 

EXPLANATION. 

Having placed the multiplier under the multiplicand, 
we commence with 3a, the left-hand term of the multi- 
plier, and multiply it into 3a', the left-hand term of the 
multiplicand, and obtain the product 9a', which we place 
for the left-hand term of the product. We then multi^ 
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ply 3a into — BaXy the second term of the multiplicand| 
and obtain the product — ISa^x, which constitutes the 
second term of the product. Having multiplied all the 
terms of the multiplicand by 3a^ we next multiply by 
— m. Thus, — m multiplied into 3«^, gives — Sa^vij 
which is the third term of the product, and — m multi- 
plied into — 6aXy gives 6amXy which is the last term of 
the product. 

2. What is the product of 6x»— 3y» by af— 23^ ? 

OPERATION. 

6ar^ — 3y* multiplicand, 
a:^ — 2^* multiplier. 



6x* — 3ar*y* product by x*. 

— 12xV+%' product by — ^2y', 

6x* — ISx^y'+Gjf =total product. 
3. Multiply a+6 by a+6. 

OPERATION. 

a +6 
a +* 



+ab+b^ 
Jins. a^+2ab+V^, 



4. Multiply €L — 6 by a — b. 



y 



22 
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OPERATION. 

a— b 
a — h 



a^ — ab 

ib+b^ 



Ans. a^—2ab-^b\ 



6. Multiply a+6 by a — b: 

OPERATION. 

a+ b 

$L if 



— ab — 6* 



Jlns, a« ^— 6^ 

6. What is the product of b^m — 3ay by 6a: — 3 ? 

Ans. 6b^mx — ISaxy — 36^m+9ay. 

7. What is the product of a^+a^+a^ by a^—l ? 

Ans. «® — a*. 

8. Multiply a^+ax+x^ by a^—euc+x^. 

Ans. a*+aV+a;^ 

9. What is the product of 7m+y by Im — y 1 

Ans. 49m^~f/^. 
It. What is the product of a+b+c by a+b+c 1 

Ans. a^+2ab+2ac+b'^+2bc+c\ 
11. What is the product of '^a^— iSa; by ib—2y? 

Ans. ia^ — bx — a^y+Sxy. 
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12. What is the product of x* — x^ +x® — ^x+1 by x* 
+x— 1? Ans. x«— x*-f-x»— x*+2x— 1. 

13. Multiply o»+a26+a6*+&' by a—b . 

Jlns, a* — J*. 

14. What is the product of 2x'+5x— 7 by 2x— 3 1 

^ Jlns, 4x*4-4x«— 29X+21. 



DIVISION. 

(29.) We know by the principles of Arithmetio, that 
if in division, we multiply the divisor into the quotient, 
the product will be the dividend. 

Therefore, referring to what has been said under 
multiplication, (Art. 23,) we infer that when the divi- 
dend has the sign -|~, the divisor and quotient must have 
the same sign ; but when the dividend has the sign — , 
then the divisor and quotient must have contrary signs. 

(30.) Henc^y when the dividend and divisor have like 
signs y the quotient will have the sign -f-j and when the 
dividend and divisor have contrary signSy the quotient 
will have the sign — . 

We have also seen under multiplication, (Art. 24,) 
that the product of several letters of different powers is 
equal to the product of all the letters having for expo- 
nents the sum of their respective exponents. 

(31.) Hence, to divide any power of a letter by a 
different power of the same letter , it is obvious that the 
quotient will be a power of the same letter having for 
an exponent the excess of t^ exponent in the dividend 
above that of the divisor. 



34 ELEMENTS OF ALGEBKA. 

(32.) If we divide a^=^aaaaay continually by a, we 
shall obtain the following results : 



a* 
a' 



a' 



.a=;a*— * =a* =aaaa 



■a^a'^^'^ =a' :=aaa 






,_i Q C since the divisor is equal to 

I the dividend. 



a^ -T-o^isra^^* =0—^= -=reciprocal of a, (Art. 12.) 

a""*-ra==a~'*""*=a~*= — =--r-=reciprocal of a*. 

aa cr 

a~^-ra=o~'^~*=a"~'= =-=- =^reciprocal of a*. 

11. 

a"-*-r-a=flr-'~*=a~^= =— 2=reciprocal of a\ 

aaaa a* 

a"^-7-a=a'~*~*=a~~*= =— z=reciprocal of a*. 

ctaacta a** 



(33.) From the ahove scheme^ we see that whenever 
the exponent of a quantity becomes 0, the value of the 
quantity is reduced to 1. 

(34.) That whenever the exponent of a quantity is 
negative^ the quantity is the reciprocal of what it would 
he were it positive. 
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(35.) Hence J changing the sign of the exponent of a- 
quantity^ is the same as taking the reciprocal of th§ 
quantity. 

CASE I. 

(36.) From what has been said, we have, for divid- 
ing one monoffiial by another, this 

RULE. 
J. Divide the coejicient of the dividend by that of the 
divisor J observing to prefix to the quotient the sign -f-i 
tahen the signs of the dividend and divisor are alike; 
and the sign — , when they have contrary signs. 

IL Subtract the exponents of the letters in the divisor 
from the exponents of the corresponding letters in the divi- 
dend; if letters occur in the divisor which do not in the 
dividendy they may (Art. 35,) be written in the quotient 
by changing the signs of their exponents. 

(37.) It must be recollected here, and in bII cases 
hereafter, that when the exponent of a letter is not 
written, 1 is always understood, (Art. 11,) and when 
the exponent becomes 0, the value of the power is 1. 
(Art. 33.) 

EXAMPLES. 

1. Divide 15a'6 by babx^. 

OPERATION. 

jj=3a^ir-*3r*. 



babxy' 

EXPLANATION. 

We first divide 15 by 5, and obtain 3 for the quo- 
tient, which we consider as positive, since the signs of 
the dividend and divisor were alike, each being post- 
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tive. The exponent of a, in the divisor is 1 understood, 
(Art. 37 j) which subtracted from 3, the exponent of a 
in the diridend, gives 2 for the exponent of a, in the 
quotient. The exponent of 6, in the denominator, is the 
same as the exponent of 6, in the numerator, each being 
1, hence, 4he exponent of 6, in the quotient, is 0, but 
when the exponent of a quantity becomes 0,. its value 
is 1, (Art. 33.) So that 6 does not appear in the quo- 
tient. Since the letters x and y do not occur in the 
dividend, we write the x and y in the quotient with the 
signs of their exponents changed. 

2. Divide 6a*6^ by'3a6. 



3. Divide 12xVV by 4:Xyz. 

4. Divide \Om^xz^ by 5x. 

5. Divide —lU^V by lah\ 

« 

e.^Divide — 16a«t*c» by —Sah^c 

7. Divide — 13aV by — 26oy. 

8. Divide 7/»m% by —3/n. 

9. Divide 8at«d* by 4a*6d. 
It. Divide 20mV|? by lOmV. 



Ans. 2a^h, 



Ans. dx^y^z^. 



Ans. 2mH^. 



Ans. — 2a^. 



Ans. 2a^b\ 



Ans. Jay. 
Ans. — |/^*. 



Ans 2ar*bd^. 



Ans. Sm'^hir^p. 
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11. Divide 35xyz by Tx^y*. 
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12. Divide —40x*y by 4ab^x. 

Ans. —lOa-^b-^x^y. 

13. Divide 3xy by — 6x^. 

14. Divide -^m*y by 8m^. 

^ins, — imr^y, 

XSS.) To divide one polynomial by another, we shall 
imitate the arithmetical method of long division. And 
in the arrangement of the work, we shall follow the 
JPrench method of placing the divisor at the right of the 
dividend. Thus, to divide 

a^'\'a^X']-ab'\'bx by a+x, 

we proceed as follows : 

OPERATION. 



Dividend — a^-^'a^x-\'ab-}'bx 


a -|-aJ=divisor. 


, a'^+ofx 


a^-^-b — quotient. 


ab+bx 
ab'\-bx 




• 



EXPLANATION. 

Having placed the divisor at the right of the divi- 
dend, we seek how many times its left-hand term is 
contained in the left-hand term of the dividend, which 
we find to be a*, which we place directly under th« 
divisor, and then multiply the divisor by it, and subtract 

4 
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the product from the dividend, then bringing down Ihe 
remaining terms, we again seek how many times the 
left-hand term of the divisor is contained in the left- 
hand term of this remainder, which we find to he J, we 
then multiply the divisor by 5, and again subtracting, 
there remains nothing, so that a^-^-b is the complete 
quotient. 

(39.) That the operation may be the most simple, it 
"will be necessary to arrange both dividend and divisor 
according to the powers of some particular letter, com- 
mencing with the highest power. 

CASE II. 

(40.) To divide one polynomial by another, we have 
this. 

RULE. 
J. Arrange the dividend and divisor with reference to 

a certain letter ^ then divide the first term on the left of 
the dividend by the first term on the left of the divisor ^ 
the result is the first term of the quotient; multiply the 
divisor by this term^ and subtracj the product from the 
dividend. 

IL Then divide the first term of the remainder by the 
first term of the divisor^ which gives the second term of 
the quotient; multiply the divisor by this second term; 
and subtract the product from the result after the first 
operation. Continue this process until we obtain for 
remainder y or when the division does not terminate^ which 
is frequently the case^ we can carry on the above process 
as far as we choose, and then place the last remainder ^ 
over the divisor j forming a fraction^ which must be 
added to the quotient 



r»' 
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EXAMPLES. 

1. What is the quotient of 2a'^b+b^+2ah^+a* divi 
ded by a^+h'^+ab ? • 

Arranging the terms according to the powers of a, 

and proceeding agreeably to the above rule, we have 
this 

OPERATION. 



Dividend=:a»+2a*6+2aft*+ft» 



a*+a J -|- J^=divisor . 



a-^b=quotient. 





2. What is the quotient of 4x*+4j:a— 29a:+23 by 
2«— 3? 

OPERATION. 



^x^+ 4x9— 29X+23 
4x* — 6a^ 



2a:— 3 



2a:a+5a:— 74 ^ 



10r^—29x 
10ar»— 15a; 



2a?— 3 



— 14a:+23 
— 14a:+21 



2==:remainder. 



In this example, we find -2 for remainder, which, be- 
ing placed over the divisor 2a: — 3, gives the fraction 

2 

5— -= to be added to our quotient. 
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3. Divi.le a^+aV+2* by a'+az+2'. 

OPEHATION. 



0* + flV + 2* 



a^-^azA-z^ 



a* — aZ'\-z^ 



z +«* 





4. Divide a«— 3a'^6+3aJ*— 6» by a— J. 

5. Divide 25a* — lOax+a?* by 5a — a:, 

•4n^. 5a — Xm 

6. Divide 6a*— 96 by 3a— 6. 

• Ms, 2tt»+4a^+8a+16. 

7. Divide 3x* — 26a:'y — \\z^ + 37xy by 3a:« 

•^TW. x' — 7ay. 

8. Divide x'+2a:y+y' by x+y. 

^n*. x+y. 

9. Divide x* — 4x*y -|- 6x'y* — 4xy' + y* by x* 
— 2xy+y*. 

Ans, X* — ^2xy4-y*. 

10. Divide 64mV— 25mV by 8wV+5«in*. 

Am. 8mV — 5»m*. 
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CHAPTER II. 

ALGEBRAIC FRACTIONS. 

(41.) In our operations upon algebraic fractions, we 
shall follow the corresponding operations upon numeri- 
cal fractions, so far as the nature of the subject will 
admit. 

CASE I. 

To reduce a monomial fraction to its lowest term, we 
bave this 

RULE, 

I. Find the greatest common measure of the coeffi^ 
cien^s of the numerator and denominator. (See Arith- 
metic.) 

IL Then^ to this greatest common measure^ annex the 
letters which are common to hoth numerator and denom- 
inator j give to these letters the lowest exponent which 
they havCy whether in the numerator, or denominator. 
The result will he the greatest common measure of both 
numerator and denominator. 

III. Divide both numerator and denominator by this 
greatest common measure^ (by rule under Art. 36,) and 
the resulting fraction will be in the lowest terms. 
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EXAMPLES. 

1. Reduce ,, ,o — 5 to its lowest terms. 

The greatest common nieasure of 376 and 15 is 16, 
to which ann.exing ahxy^ we have Idabxy for the great- 
est common measure of both numerator and denomina- 
tor. Dividing the numerator by Ibabxy^ we find 

375a*6xy-M 5a5xy=25a^. 

In the same way we find 

15a& Vy^-7- 16a6a:y=6y% 
hefice, we have 

375a^6a:y 25a« 
IdaPxy^ 6y* 
which, by Rule under Art. 36, becomes 

25a« 



by' 



=25a^b-^y-^. 



4t2ax^yz^ 

2. Reduce -^rz — r-o to its lowest terms. 

oDxy^z'* 

In this example, the greatest common measure of the 
numerator and denominator is Ixyz^j hence, dividing 
both numerator and denominator of bur fraction by 
7«yz»,wefind . 

42ax^yz^ 6ax^z^ 

35a;yV 5y^' 

which is in its lowest terms. 

3. Reduce — =7: — nr^o its lowest terms. 

12mx^y^ 



Ans. -. — 5. 
%xjp 
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4. What is the simplest form of — — ^? 






5. What IS the simplest form of , - : , ? 

27a6cd 

6. What is the simplest form of r^^TrrrT"^ 



4a'J'm 



7. What is the simplest form of 05 — 5 '^ 



Ans, 



2y^' 

(42.) To obtain a general rule for reducing a frac- 
tion whose numerator, or denominator, or both, are 
polynomials, it would be necessary to show how to find 
the greatest common measure of two polynomials, a 
process which is too complicated and difficult for this 
place. 

. There are, however, many polynomial fractions, of 
which, the common measure of their respective nume- 
rators and denominators are at once obvious, and of 
course they are then readily reduced. We will illus- 
trate this by a few 



EXAMPLES. 



1. Reduce . , ^ to its simplest form. 
ax+ox ^ 
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In this example, we see that x will divide both the 
numerator and denominator. Hence 

3xy'{'XZ 3y+2 

ax-^bx a+6 * 

_ ac4-ay 

2. Reduce . y , to its simplest form « 

In this example, the greatest measure of the nume- 
rator and denominator is obviously c-j-y. Hence, 

ac-^ay a 
bc+hy b' 



(lbX~\~0/X 

3. Reduce -r to its simplest form. 

abx — ax ^ 



1 



. T. , x*— i«x x(x+b)(x—b) . . 

^- ^^^^^^ a^+2bx+b^ ^ {x+b){x+b) ' ^" ^'^ ^"^^ 
plest form. 

^ x' — 5a: 

CASE II. 

(43.) To reduce a mixed quantity to the form of a 
fraction. 



RULE. 

Multiply the integral part by the denominator of the 
fraction^ to which product add the numerator^ and un- 
der the result place the given denominator. 
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EXAMPLES 

1. Reduce llzH — = — to the form of a fraction. 

7a? 

In this example, the integral part is llx, which, mul- 
tiplied by the denominator 7x, gives 77x% to which, 
adding* the numerator ar+y? we have 77j:'+x+y for 
the numerator of the fraction sought, under which, 
placing the denominator 7x, we finally obtain 

= 9 for the reduced form of llxH — = — . 

tx Ix 

bx-^-x^ 

2. Reduce x to the form of a fraction. 

- m 

Jlns. 



m 

3. Reduce y+3x — r-; — to the form of a fraction. 

^ 3y+9ar+ay+3a« — 6 

.2 j.a 



4. Reduce x to the form of a fraction. 

X 



•/ww. ■ . 



5. Reduce 3a' — 6+s to the form of a fraction. 

7— y 

a 21fl'— 36— 3o»y+6y— a:^ 
^' 7— y 
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6. Reduce 94 «— to the form of a fraction. 

a — X 

^ 9a— 6x*— 8c* 
a — x^ 

4 

* 7. Reduce a+^H ; to tne form of a fraction. 

a— 

a«— ft«+4 

JlTiS, ; • 

a — 

8. Reduce — ; x to the form of a fraction. 

n+p 

9. Reduce — rjr 5 to the form of a fraction. 

/, 70 — 46 
10 

4a: 

10. Reduce ^-i 8 to the form of a fraction. 

^^ 4z-24y-8z 
3y+z 

11. Reduce 7-77- +3? — ^ ^o the form of a fraction. 



x+1 

4i}— — 3c 
12. Reduce p. +p to the form of a fraction. 
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CASE III. • 

(44.) To reduce a fraction to an integral, or mixed 
quantity. 

RULE. 

Divide the numerator by the denominator^ the quoHent 
will he the integral part; if there is a remainder j place 
it aver the denominator for the fractional part. 

^ EXAMPLES. 

1. Reduce -jj to a mixed quantity. 

Dividing the numerator by the denominator, we find 
this 



FIRST OPERATION. 

9a— 6a:«— 8c* 
9a— 9a:* 



a — ^r* 



9=integral part. 

3x* — 8c* = numerator of fractional part. 

3x«_8c* 



Therefore the^quantity sought is 9+ 



a — x^ 



We will now change the order of the terms of the 
numerator and denominator by placing the x* first, we 
thus find this 

SECOND OPERATION. 

—— ar-|-a 



— ^a5* -J" 9a— 8c* 
— 6x«+6a 



6=integral part. 



3a — 8c*=numerator of fractional part. 
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3a— Sc* 
Therefore, the quantity sought is 6+ "TZ^' 

These two results are equivalent, but under diflferent 
forms. 



2. Reduce to an integral quantity. 



^ns, a — X. 



3. Reduce ^ , ^ to a mixed quantity. 



2x'{'(ix 
Ans. 2x — ^5 — pp. 



4. Reduce ^ to an integral quantity. 

fn — y 

Ans. m*+wy+y*. 

5. Reduce ^ ■ — to a mixed quantity. . 

oa 

, 6 
Ans. 4a — 2+ r-. 

♦ 

6. Reduce — -^ ^ to a mixed quantity. 

8a*« 
Ans. y»— 2+-g^. 

14wi'— SIti 

7. Reduce = to a mixed quantity. 

Ans. xmr • 

m 
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Q -, J 12x»— 6x4-4 . , 

o. Ueduce — to a mixed quantity. 

Ans. 2ar*— 1+1-. 

oX 

OBJ o*-^*6+3fl6«— d» ^ 
9. Keduce ^!i__2ah+h' *"* integral quan- 
tity. 

a« — 2ab+b^ 

10. Reduce — r to an integral quantity. 

Ans. a — b. 

,, « , 14m^ — ^7w+l ^ . _ 

11. Keduce = to a mixed quantity. 

Ans. 2m* — «i+=. 

12. Reduce 5 to a mixed quantity. 

Jlns. 2a:*— j^+=-. 

o 



CASE lY. 

(45.) To reduce fractions to a common denominator. 

RULE. 

Muliiply successively each numerator into all the de* 
nominators^ except its oton^for new numerators ^ and all 
the denominators together for a common denominator. 

6 . 
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EXAMPLES. 
a h r 

1. Reduce— J -^) =-) to equivalent fractions haying a 

common denominator. 

aX2X7a=14a^s=:new numerator of first fraction. 
bXxX la=lahx=new numerator of second fraction. 
cX2rX2=2cx^new numerator of third fraction. 
and X X 2 X 7a=14ax=common denominator. 

_,, 14a* labx 2cx 

Therefore, j-t — ;— — ;jt — ; are the equivalent frac- 
tions sought. 

S. Reduce x^, -^y and y^ to fractions having a com- 
mon denominator. 

9mx 4ai 6axy 
6ax ' 6ax' 6ax ' 

€% r% 1 X* a*-}-x' 

3. Reduce -, -^, — r- — , to equivalent fractions having 

a common denominator. 



3a+3x 2ax*4-2x* 6a*4-6x« 
^^' 6a+6x' 6a+ex ' 6a+6x ' 



AHA ^ ^^ «"*—«* 

4. neauce gr, — , — ^ — , to fractions having a com- 
mon dencnninator, 

'^^' Idbcd' 15bcd ' Wbcd \' 
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5. Reduce — , -, p and — , to fractions having a 

common denominator. 

. 72a 48i 36c 24d 
*^' 144'lii'lii'ii4- 

6. Reduce ^, — , — , to fractions having a common 
denominator. 

I 

24acd 126' d Sbc* 



Ans. 



^Bhcd' 48icd' ASbcd' 



7. Reduce -, j, -, to fractions having a common de- 
nominator. 

he ac ab 
abc abc abc 

Q T> J 3a 5a 7a 

o. neduce — , g-, — , to fractions having a common 

denominator. 

45a 100a 84a 



Ans. 



60 ' 60 ' 60 ' 



». lieduce ""^j "6""' 2' *^ fractions having a com- 
mon denominator. 

a^. ^^+^^^ 70+146 42c 
•^^*- -84—' -84-' -84- 
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6 4 

10. Reduce — r-= j r j a, to fractions haying a com- 

a?-|-i 3D— 1 

mon denominator. 

6x — 6 4x+4 ax* 
Ans. -J ' " 



CASE y. 

(46.) To add fractional quantities. 

RULE. 

Reduce the fractions to a common denominator; then 
add the numerators^ and place their sum over the com- 
mon denominator. ^ 

EXAMPLES. 

X 1 y 
1. What is the sum of 57) q> 7 ' 

These fractions, when reduced to a common denomi- 

21a: 21a 9ay 
nator, become ^o"> ^q"> ^j adding their numerators 

we haye 21x-i-21a-^9ay9 placing this oyer the common 
denominator, we find 

X 1 y__21g+ 21a+9ay _J 7a?+7fl+3ay 
3a"^3"*'7" 63a 21a 

2flf Sx A 
^ 2. What is the sum of Zx+ -^ and x 3- f 

1 *^ns* 3x-|- "7=-» 

4D 
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2x Ix 2a:+l ^ 
3. What is the sum of -^^ — > — -= — \ 



^ n ,49x+12 
Ms. 2x+ 



60 



4. What is the sum of TiT^'^'^ 

4 6 6 



.- 45a:+48a;+50g ^^ , 23aP 



60 ^^ ' 60 



^ a+fc a — 6 „ 
5. What is the sum of "-^> "2"" * 



*aHS, Urn 



6. What IS the sum of 7 j j » 



•^7». 



2 



7. What is the sum of --? -T' "TT ' 

a w c 



bc+ac+ab 
»ans. ^ 



abc 



X X X X ^ 

8. What is the sum of "0' "3' "4' "5 * 



X 

Jius* X I ' " - • 
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. a b c ^ 

9. What is the sum of ^j -t:? -7 « 

X o % 



. _ 6a+46+3c 



12 



a h 
10. What is the sum of — r-,, — z 1 

a+ft a — 



a* — Ir 



11. What is the sum of — ; — j 1 

a:+y x — y 



Jins. 



X* — y*' 



CASE YI. 

(47.) To subtract one fraction from another. 

RULE. 

Reduce the fractions to a common denominator ^ then 
subtract the numerator of the subtrahend from the nu- 
merator of the minuendj and place the difference over 
the commxm denominator. 

EXAMPLES. 

- — 3x+a _ 2x — a 

1. From — TT— subtract — r — . 
4 6 

These fractions, when reduced to a common denomi* 

9a:4-3a 80?— ^a « , 
nator, become — r^ — and — Tq — ' Subtraqtmg the 
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numerators we have 9a:+3a — (8a;— 4a)=sx+7a, placing 
this over the common denominator 12, we find 

3x+a 2x — a x+la 



12 



2. From ^J*"^ subtract ^^4^. 
6 4 






3. From 3y+- subtract 

cy+ay—a* 



Ans. 2y+' 



ac 



« ar+y , x — y 

4. From — r-^ subtract — :r^. 



•/tn^. y. 



. T. g"+2gy+y» - ,^— 2^y+y^ 

6. From — -j-^ — ^ subtract • 

4xy 4zy 

Ans. 1. 

6 — X 3+y 

6. From — ^ subtract a-| — «— • 



« 1 , 1 

7. From subtract 



jp— y • x+y 

2y 



An$. 
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8. From — subtract -r. 
a 



Ans. 



ah 



9. From -t:— subtract -77-. 



•Ans. &• 



CASE YII. 

(48.) To multiply fractional quantities together. 

RULE. 

If any of the quantities to he multiplied are mixedj 
they must J hy Case Ily he reduced to a fractional form,; 
then multiply together all the numerators for a nume- 
rator y and all the denominators together for a denomi- 
nator. 

EXAMPLES. 

1. Multiply -^ ^y ~3~' 

The product of the numerators will be 

{x+a) X {x+b)=a^+ax+hx+ab ; 

and the product of the denominators is 2 X 3=6. 

_- x+a x+h xr^+ax+hx+ah 
Hence, -^X -^= ^ 
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2. Multiply -^ by -^. 



J*c+4c** 



3 — X 4+0! 

3. What is the continued product of "TJ^j q > 

. 3« ^ 36— 3a>— 3a:« 
and -? -^n*. gg . 

4. What is the product of — ^ by — - 7 



«^n«« 



a« 



IT* 



2x h — d h 
5. What is the continued product of — j > — > 

1 ^ . - 2bhx—2bdx 

and r » Jlns. • 

r — 1 cmrx — cmx 



6. What is the product of y+^ by ^^ 1 

by^ — fty+y* — 1 

'^'^' ~ — 2^ 

7. What is the product of — r— and — — 1 

x-f-y X — y 

Am. 



sc^— y*' 
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X X 

8. What is the product of 3+ -^ and — 1 



Ans. 



% 



9» What is the product of -^, "XZ^J ^^ ^+y ' 

MIS, 1. 
CASE Till. 

(49.) To divide one fraction by auother. 

RULE. 
If there are any mixed quantitiesj reduce them to a 
fractional form^ by Case II. Then invert the divisor^ 
and multiply as in Case VIL 

EXAMPLES. 

Sx-^-l 4a:— 1 
1. Divide — j — by — ^ — , 

If we invert the divisor, and then multiply, we have 
3x+7 6 15X+35 , , 

-4r ><4;-i=-i6^=:r ^^' *^ ^''°*'^"*' 



2.Divide^^by?!±^. 



a. DM. 1^ ^*^. 



ar-f-ajy* 



3«»* ^ 5m 



^ 36a 

Ans. 



ISmV 
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6. What is the quotient of r divided by - ? 



MUt. 



6. Divide ^^=^ by ^. 



a h 
7. Divide x by t* 



../{n^. 2x+flff. 



4(t 



a Divide ^-^^y+^ by V' 



Ans.^"^ 



iiM___^U^. 



3_|-x, 4— y 
9. Divide -^ by "g^- 






10. Divide ^b/y^. 



7y — y* 
4a?+^ 
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CHAPTER III. 

SIMPLE EQUATIONS. 

(50.) Ak equation is an expression of two equal 
quantities with the sign of equality placed between 
them. 

The terms or quantities on the left-hand side of the 
sign of equality constitute the^^^ member ^f the equa- 
tion, those on the right constitute, the second member. 

Thus, x+2=a^ ' (1) 

X 

3x-f7=c, (3) 

are equations; the first is read, ^^x increased by 2 
equals a." 

The second is read, ^^ one-half of x diminished by 1 
equals 6." 

The third Is read, ^Uhree times x increased by 7 
equals c." 

(61.) Nearly all the operations of algebra are per- 
formed by the aid of equations. The relations of a 
question or problem are first to be expressed by an 
equation containing known quantities as well as the 
unknown quantity. Afterwards we must make such 
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transform at ians upon this equation as to bring the un- 
known quantity by itself on one side of the equation^ by 
which means it becomes known. 

(52.) An equation of the first degree^ or a simple 
equation^ is one^ in which the unknown quantity has no 
power above the first degree. 

(53.) A quadratic equation is an equation of the 
second degree, that is, the unknown quantity is in- 
volved to the second power, and to no greater power. 

(54.) An equation of the third, fourth, &c., degrees, 
is one which contains the unknown quantity to the third, 
fourth, &c. , degrees j but to no superior degree. 

(55.) The following axioms will enable us to make 
many transformations upon the terms of an equation 
without destroying their equality. 

AXIOMS. 

/. If equal quantities be added to both members of 
an equation^ the equality of the members will not be 
destroyed. 

II. If equal quantities be subtracted from both memr 
bers of an equation^ the equality of the members wUl 
not be destroyed. 

III. If both members of an equation be multiplied 
by the same quantity^ the equality will not be destroyed. 

IV. If both members of an equation be divided by the 
same quantity^ the equality will not be destroyed. 
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CLEARING EQUATIONS OF FRACTIONS. 

(66.) When some of the terms of an equation are 
fractional, it is necessary to so transform it as to cause 
the denominators to disappear, which proc.e6s is called, 
clearing of fractions. 

Lei it be required to clear of fractions the following 
equation. 

Now, by Axiom III, we can multiply all the terms 
of this equation by any number we please, without de- 
stroying the equality. If we multiply by a multiple of 
all the denominators, it is evident they will disappear. 

If we choose the least multiple of the denominators 
as a multiplier, it is plain that the labor of multiplying 
will be the least possible. 

Thus, in the above example, multiplying all the terms 
of both sides of the equation, by 6, which is the least 
multiple of .2, 3, and 6, we have 

6+3x+2x—x=^x. (1) 

This equation is now free of fractions. 

(67.) Hence, to clear an equation of fractions, we 
deduce, from what has been said, this 

RULE. 

Multiply all the terms of the equation by any multi- 
ple of their denominators. If we choose the least com- 
mon multiple of the denominators, for our multiplier^ 
the terms of the fraction, when cleared, will be in their 
simplest form. 
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EXAMPLES. 

j» ft X'^li 1 

1. Clear of fractions the equation ^ ^ =• 

In this example) the least common multiple of the de- 
nominators 5, 2, and 7, is 70. Hence^ multiplying all 
the terms of oUr equation by 70, we find 

14a^— 14a=36ar+356— 10, 

for the equation when cleared of fractions. 

« r^i n n . ar — 2 . x+a X — 5 , z 

2. Clear of fractions — 5— H — z Jr~=^4 



8 ' 4 2 • 16 

Jns. Sx— 4+4a:-l-4a — 8x+Sb=sl6x+x. 

(58.) We must observe that when a fraction has the 
sign — , its Value is required to be subtracted^ so that, if 
it is written without the denominator, when cleared of 
fractions, all the signs of its numerator must be changed. 

X — 1 flc-l-l X — 3 c 

3. Clear of fractions — — b"^ -7— =a+6 — =• 

Jns. 42a:— 42+28X+28— 21a:+62=84a+84i— 12c. 

^/^ ^f* ^^ ^It 0^ 

4. Clearthe equation,- +«+-r+r+ -=251, of frac- 
tions. 

Jlns. 30x+20a;+15a:+12a:+10a^=15060. 

o h c 

5. Clear the equation, — | f— jsssg, of fractions. 

Jlns. a^dm'{'idx-\-cmx=dgnw. 
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-, flc— 1 a?— cj x-f-ft 
fi. Clear the equation ,-*^^ — '^ ^ ■ ^ 4,of frao 

tiODS. 

.Aw. 6a?— 6— 2ar+2a=3a:+3ft— 72. 



7. Clear the equation^ — r — | =-j- , of frac- 
tions. 

•Aw. cdx — acd+idar — h^d=bcx — ^ic*. 

8. Clear the equation, t +'q + 7=^j ^^ fractions. 

.Aw. 6ar+4a+36=:2c. 

t\ Ati 1 • a? 'J. a? .« a? i) a? 

9. Clear the equation, — tj — | — = — | — . — -.of 

' X o 4 o 

fractions. 

Jlns. 30a:— 30+20a:— 40+15X— 46=12ar. 

10. Clear the equation, — f"7=gj of fractions. 

.^TW. 12a+9ar=10a?. 

1 1 . Clear the equation, -r H 1 — = - , of fractions. 

O X X X 

Ans, aa;+6c+6d:=i»»* 

TRANSPOSITION OF THE T£AMS OF AN EQUATION. 

(59.) The next thing to be attended to, after clearing 
the equation of fractions, is to transform it so that all 
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the terms containing the unknown quantity may consti- 
tute one member of the equation. 

If we take the equation 

we have, when cleared of fractions, 

6a— 3x+26a:=48x. (2) 

If we add to both members of this equation 3x— 2te 
(Axiom Ij) it becomes 

ea—3x+2bx+3x—2bx=4:8x+3z—2bx. (3). 

All the terms of the left-hand member cancel each 
other, except 6a. 

Therefore, we have 

6a=48x+3a?— 26ar, (4) 

in which all the terms of the rio;ht-hand member con- 

D 

tain X. 

If we compare equation (4) with (2), we shall dis- 
cover that the terms* — -3x-|-26a:, which are on the left 
side of equation (2), are on the right side of equation (4) 
with their signs changed. 

Hence, we conclude that the terms of an equation 
may change sides, provided they change signs at the 
same time. 

(60.) To transpose a term from one side of an equa- 
tion to the other, we must observe this 
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RULE. 

jfity #crB» majr 6e inmspased from one «tde q^ an 
efuaHom to ike other ^ by changing its sign. 



x+6 5x 

1. Clear the equation — — 1-26=— +2 of fractions, 

and transpose the tenns so that all those containing t 
may constitute the right-hand member. 

First, clearing the above equation of fractions, by 
Rule under Art. 57, we have 

2x+12+104=6ap+8. 

Secondly, tran^osing 2x from the left member to 
the right member, and 8 from the right member to the 
left, we have 

12+104 — 8==5x — 2xy for the result required. 

X a-f-x 

2. Clear the equation -^ 7 1 of fractions, and 

transpose the terms. 

Jlns. 3x — 2x=A5-\'2a. 

Ix X X 

3. Clear of fractions the equation -^ — 3^-|- "^^q+^j 

and transpose the terms. 

Ans. 14x+3a:— 2x=36+60. 
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4. Clear of fractions and transpose the terms of the 
X 2+x c 

^ins. ax+bx — ^ox+6x=c4-2a — 2b. 

(61.) We are now prepared to find the value of the 
unknown quantity. If we take the answer to the last 
example, it may be written thus, 

(a + fr-^ + b)x=c +2a — ^26. 

Uniting the like terms within the parenthesis, it be- 
comes 

2bx=c+2a—2b. 

Dividing both sides of this equation by 26, (Axiom 
IV,) we find 

c+2a— 2ft 
2b • 

Hence, the value of x is now known, since it is equal to 
the expression 

c+2a—2b 
~2b • 

(62.) It is| obvious that the terms of an equation may 
be so transposed as to cause all the terms to constitute 
but one member of the equation, and then the other 
member will be zero. 

Thus, if x+6—a=Z—2Xj 

then will x+2a:+6— 3— a=0. 
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If we SO transpose the terms, of this last equation, as 
to make them constitute the right-hand member, we 
shall have 

0= — «— 2j:— 6 +3 +a. 



In the higher parts of Analysis, equations are fre- 
quently reduced to this form, so that the positive and 
negative quantities cancel each other. 

(63.) From what has been done, we discover that an 
equation of the first degree may be resolved by the fol- 
lowing general 

RULE. 

J. If any of the terfns of the equation arefractionaly 
the equation must be cleared offractionsy hy Rule under 
Art. 57. 

/J. The terms must then be so. transposed that all 
those containing the unknown quantity may constitute 
one side or memier of the equation^ by Rule under Jli;L 
60. 

ft 

III. Then divide the algebraic sum of those terms on 
that side of the equation which are independent of the 
unknown quantity j by the algebraic sum of the coeffi- 
cients of the terms containing the unknown quantity ^ 
and the quotient will be the value of the unknown quan- 
tity. 

EXAMPLES. 
XX 

1, In the equation -;r+— =a? — 10, what is the value 
of «1 
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This cleared of fractions becomes 

When the terms are transposed and united, we hare 

120=6x. 

Dividmg by 6, we get 



2x+l «+3« 

2. What is the value of x in x 5 — =—3— » 

^ns. x=13, 

21 — 3a? 4x4-6 5ar+l ^ , 

3. Given — 5 9^^ T" » ^^ *' 

Ans. 



4. Find x from the equation 3a«+o — 3=Jx — a. 

6— 3a 

x — 2 3x 15x « , 

6. Given ^—^+—=37, to find x. 



Ans. 



3cx 2&X 
6. Given --4==/l to find x. 



a m 

q/w+4am 



•^n«. 



3cm — 2aft * 



70 
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7. Find X from the equation 5^_?*==4_j_f . 

\ans. :^56+95-7c 

16n 

8. Given^+^=3a;— i2,toanda;. , 

^ns. X — C . 

9. Given a? j^ +__=^_1^ to find x- 

10. Given ^±I-3a:+^^+3=^, to find x. 



Jim. x=2. 

,, ^. 3a>— 2 , 3x+2 

11. Given -Y-+ ^^ —a :— 1, to find a;. 



0? X 



12. Given g— ^+a^ll, to find ar. 

13. Given -5 aT^^TS' *^ ^'^^^ ^' 

^iw. x=z6. 

The true value of the unknown quantity, substituted 
for its representative, will cause the two members oi 
the given equation to become identical. 
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In the last example, if we write 6 for x, the equation 
will become 

— ^=— or, 3 — ^2I=J| where each member 

becomes i. 

This method of verifying the solution of simple equa- 
tions, should be used until the student becomes perfectly 
familiar with it. 

14. Given ^—^+^^=3 — -^j to find «. 

4 10 5 

MIS, JC— 5. 

This value of x causes each member of the equation 
to become 2. 

-it, r^' ^*^~3 11— X • x+5 - ^ - J 

15. Given — j — -=-~ ^7, to find a?. 

^ns. x=l. 

This value of x causes each member of the equation 
to become — 1. 

,^ ^. X — 3 , X — 5 X — 2 . £ J 

16. Given — = — \ — =r— =-:s^-i to find x. 

5*7 35 

•ufis, X — 4. 

This value of x causes each side of the equation to 
become ^j, 

17. Given ^=^» »<> find «• 

Jbu. x=l. 
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This valae of x causes each member of the equation 
to become 2. 

18. Given —^ 5- =—7- , to find x. 

2& o 4 

QUESTIONS, THE SOLUTIONS OF WETlCH REQUIRE 
EQUATIONS OF THE FIRST DEGREE. 

(64.) In the solution of questions, by the aid of Al- 
gebra, the most difficult part is to obtain the proper 
equation which shall include all the necessary relations 
of the question. When once this equation of condition 
is properly found, the value of the unknown quantity 
is readily obtained by the Rule under Art. 63. 

Suppose we wish to solve, by Algebra, the following 
question 

1. What number is that, whose half increased by its 
third part and one more, shall equal itself? 

If we suppose x to be the number sought, its half will 

be - which, increased by its third part, becomes — (— ^, 
^ 2 3 

X x 
and this increased by one, becomes —+-5 -f- 1 > 'which 

by the question must equal the number. 

XX* 

Therefor^, we have -o+"q +l=a^ for the equation 

of condition. 

Solving this by Rule under Art. 63, we have x=6. 
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VERIFICATION. 



J=S of 6=3 
|=J of 6=2 



=1 



Therefore, "o"^q'^'^^^^» which shows that 6 

is truly the number sought. 

Again, let us endeavor to solve this question : 

2. What number is that whose third part exceeds its 
fourth part by 5 1 

Suppose X to be the number, then will its third part 

=- ; its fourth part =-7. 

Therefore, the excess of its third part over its fourth 

X X 

part is expressed by -^ — j, which, by the question, 
must equal 5. 

X X 

Hence, we have the following equation, -^ — "l"^^' 



This solved, gives a:=60 ; the third part of which is 
20, and its fourth part is 16, so that its third part 
exceeds its fourth part by 5, hence, this is the number 
sought. 

7 
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' (65.) The method of forming an equation from the 
conditions of a question, is of such a nature as not to 
admit of any one simple rule, but must be in a measure 
left to the ingenuity of the student. 

It will, however, be of assistance to pay attention to 
the following 

RULE. 

Having denoted the quantity sought by Xy or some 
other letter, we must indicate by algebraic symbols, the 
same operations, as it would be necessary, to perform 
upon the true number, in order to verify the^ conditions 
of the question. 

3. Out of a cask of wine which had leaked away a 
third part, 21 gallons were afterwards drawn, and the 
cask was then found to be half full. How much did it 
bold 1 

Suppose X to be the number of gallons which the 
cask held. 

Then, the part leaked away must be — . 

o 

And the part leaked away, together with the quantity 

X 

drawn oflF, must be o+Sl. 

Now, by the question, the cask is still half full, so 
that what has leaked out, together with what has been 

drawn off, must; be —. 
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Hence, we have this equation, — =-^+Sl, 

• At «5 

which, cleared of fractions, becomes 32:=2a;-{*126. 
Transposing and uniting terms, we have a:=126. 

4. There are two numbers which are to each other 
as 6 to 5, and whose difference -is 40. What are the 
numbers % 

Suppose the numbers to be denoted by 6x and 6x, 
which are obviously as 6 to 5 for all values of x. By 
the question, the difference of these numbers is 40. 
Therefore, we have 6a: — 5a:=40, that is x=40. 

__ 6x=6x 40=240) 

^^^^^' bx=S> X 40=200 } '^^ "^"^^''^ "^"Sht. 

6. A farmer had two flocks of sheep, each contain* 
ing the same number. Having sold from one of these 
39, and from the other 93, he finds twice as many re- 
maining in the one as in the other. How many did 
each flock originally contain 1 

Suppose the number in each flock to be denoted by x. 

Then the flock from which he sold 39 will have re- 
maining X — 39. 

And the one from which he sold 93 will have remain- 
ing X — ^93. 

Hence, by the question we have' 

2 X (x— 93)=x— 39, or 2a:— 186=a;— 39. 



Transposing and uniting terms, x=147. 
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6. Divide the number 36 into three such parts, that 
I of the first, i of the second, ^ of the third, shall be 
respectively equal to each other. . 

If we denote the three parts by 2Xy Zx, 4a;, it is plain 
that I of the first, I of the second, ^ of the third, will 
be equal for all values of x. 

Now by the question, the sum of these three parts 
must equal 36. 

Therefore, 2ar+3a;+4a:=36. 
Uniting terms, we have 9a;=36. 

Dividing by 9, we obtain x= 4. 

Consequently, 2a::=2x4= 8 

3x=3 X 4=12 Y the parts sought. 
4x=4x4=16 

7. Two pieces of cloth are of the same price by the 
yard, but of dififerent lengths, the one cost $6, the other 
$6i. If each piece had been 10 yards longer, their 
lengths would have been as 5 to 6. What was the 
length of each piece ? 

Since tHe price per yard was the same for both pieces, 
their lengths must have been to each other the same as 
the number of dollars which they cost, or as 5 to 6i, or, 
which is the same as 10 to 13. 

Therefore, we will denote their lengths by lOx and 
13a;. 

These become, when increased by 10, 

10a;+10 and 13a;+10, 
which, by the question, must be as 6 to 6. . 
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Hence, 6(10a:+10)=5(l3x+10). 
Expanding, 60a:+60=65x+50. 

Transposing and uniting terms, we get 10=s6a!r, and 



Therefore, 10a:=10x2=20 ? , , , 

13X=13X2=26 i ^^" ^""Sths sought. 

8. A person engaged a workman for 50 days. For 
each day that he labored he received 8 shillings, and 
for each dajr that he was idle he paid 5 shillings for his 
board. At the end of the 50 days, the account was 
settled, when the laborer received 10 pounds 18 shil- 
lings. Required the number of working days, and the 
number of idle days. 

Let X equal the number of days he worked. Then 
will 50 — X equal the number of days he was idle. 

Also, 8a; equals amount, in shilling, which he earned, 
and (50 — a:)x5=250^6a; equals amount of his board 
bill. 

Therefore, he must receive 8x — (250 — 5x) = 13» 
— ^250, which, by the question, must equal JSIO 18s. 
=2l8s. 

Hence, we have this condition 

13x— 250=218. 

This readily gives a:i=36==number of days he work- 
ed, and 50 — ^x=50 — 36=l4=number of idle days. 

9. Divide the number 237 into two such parts, that 
the one may be contained in the other 1| times. 
What are these parts ? 
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If X equals the smaller part, then the larger part will 
be lix=J. 

Adding both parts together, we get 

5x 
x+— =237. 

This solved, gives j:=105^, and consequently 

6x 
^=131|. 

So that the parts are 105i and 131 1. 

Had we put 4x= the smaller part, then the larger 
part would have been 5a;. 

Now taking the sum of the parts, we get 

4x+5x=231. 

This solved, gives a:=26j. 
Consequently, 4a::=105| and 6a:==131|. 

10. Three persons, A, B, and C, draw prizes in a lot- 
tery. A draws $200 ; B draws as much as A, together 
with a third of what-C draws ; and C draws as much as 
A and B together. What is the amount of the prizes 1 

Let a:=the number ©f dollars which C drew. 
A drew $200, and B drew $200 +-|. 

Since C's equals the sum of A's and B's, we have this 
condition 

a:=200+200+|. 
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Consequently, a?=:600=C's money. 

Therefore, A's =$ 200 

B's =$ 400 
C's =$ 600 



Sum of the prizes=$1200. 

11. Two capitalists calculate their fortunes, and it 
appears that one is twice as rich as the other, and that 
together, they possess $38700. What is the capital of 
each ? 

Jins. The one had $12900, the other $25800. 

12. The sum of $2500 is to be divided between two 
brothers, so that one receives $4 as often as the other 
receives $1. How much does each receive ? 

^ns. The one receives $500, the other $2000. 

13. Two friends met a horse-dealer leading a horse, 
which they resolve to buy jointly. When they had 
agreed as to the price, they found that the one was able 
to pay only the fifth part of the price, and the other 
only the seventh part, which together amounted to $48. 
What was the price of the horse 1 

Ans. $140. 

14. A fortress has a garrison of 2600 men ; among 
whom there are nine times as many foot soldiers, and 
three times as many artillery soldiers as cavalry. How 
many are there of each kind 1 

Ans, 200 cavalry, 600 artillery, and 1800 foot. 
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15. Find a number, such, that being multiplied by 7, 

and the product increased by 3, and this sum diyided by 

2, and 4 being subtracted from the quotient, we shall 

obtain 15 » 

Jins. 5. 

16. One of my acquaintances is now 40 years old, 
his son is 9 years old. In how many years will this 
man, who is now more than 4 times as old as his son, 
be only twice as old as he is 1 

An». In 22 years. 

17. A cook receives from his master $lli, which he 

is to expend for the same number of chickens, ducks, 

and geese. Each chicken cost \ of dollar, each duck 

i of a dollar, and each goose I of a dollar. How many 

did he buy of each kind ? 

Atis. 10. 

18. A gentleman spent xV of his fortunein Holland, 
I in France, i in England, and \ in Italy. He has now 
but $975 left. How much money had he at first ? 

Ans. $3000. 

19. The sum of two numbers is fifty ; but when the 
greater is multiplied by 6, and the smaller by 5, the sum 
of the two products is 276. What are the two numbers 1 

Ans. 26, and 24. 

20. A per?on was desirous of giring 3 cents apiece 
to some beggars, but found he had not money enough 
by 8 cents ; he therefore gave them 2 cents apiece, and 
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had 3 cents remaining. What was the number of beg- 
gars? 

Jbu. 11 beggars. 

21. Two persons, A and B, lay out equal sums of 
money in trade : A gains $126, and B loses $87, and 
A's money is now double of B's, What did each lay 
out? 

Ans. $300. 

22. The sum of $1200 is to be divided between two 
persons, A and B, so that A's share shall be to B's 
share as 2 to 7. How much ought each to receive ? 

^ns. A $266i, B $933i. 

23. Divide the number 46 into two unequal parts so 
that the greater divided by 7, and the less by 3, the 
quotients together may amount to 10. What are these 
parts ? 

^ns. 28 and 18. 

24. In a company of 266 persons, consisting of offi- 
cers, merchants and students, there were 4 times as 
many merchants, and twice as many officers as students. 
How many were there of each class 1 

Ans. 38 students, 152 merchants, and 76 officers. 

25. Afield of 864 square rods is to be divided among 
three farmers. A, B, C, so that A's part shall be to B's 
as 5 to 11, and C may receive as much as A and B to- 
gether. How much ought each to receive 1 

Jlns. A 136, B 297, C 432 square rods. 
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26. Divide $1620 among three persons, A, B, C, so 
that B may receive $100 more than A ; and C, $270 

' more than B. How much ought each to receive ? 

Jlns. A $360, B $450, C $720. 

27. A certain sum of money is to be divided among 
three persons. A, B, C, as follows: A shall receive 
$3000 less than the half of it, B $1000 less than the 
third part, and C is to receive $800 more than the fourth 
part of the whole sum. What is the sum to be divided 1 
and what does each receive ? 

^ns. The whole sum is $38400. A receives $16200, 
B $11800, C $10400. 

28. A mason, 12 journeymen, and 4 assistants, re^ 
! ceive together $72 wages for a certain time. The ma- 
son receives $1 daily, each journeyman $|, and each 
assistant $^. How many days must they have worked 
for this money 1 

•^715. 9 days. 

29. A servant receives from his master $40 wages, 
yearly, and a suit of livery. After he had served 5 
months he asked for his discharge, and received for this 
time the livery, together with $6| in money. How 
much did the livery cost ? 

•3ns, $18. 

80. Find a number such that | thereof increased by 
\ of the same, shall be equal to i of it if increased by 
35. 

.ans. 84. 
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31. A gentleman spends } of his yearly income in 
board and lodging, ! of the remainder in clotheS) and 
lays by £20 a year. What is his income ? 

Ans. jei80. 

32. A gentleman bought a chaise, horse, and harness, 
for $360. The horse cost twice as much as the har- 
ness, and the chaise cost twice as much as the harness 
and horse together. What was the price of each 1 

The harness cost $40. 
Ans, ^ The horse cost $80. 
The chaise cost $240. 

33. If a reservoir can be exhausted by one engine 
in 7 hours, by another in 8 hours, and by a third in 9 
hours, in what time will it be exhausted, if they are all 
worked together ? 

Ans. In 2|f f hours. 

34. In an orchard of fruit trees, | of them bear ap- 
ples, J of them pears, | of them peaches, 7 trees bear 
cherries, 3 plums, and 2 quinces. How many trees arc 
there in the orchard 1 

Ans, 96 trees. 

(66.) It would be a very pleasant exercise, and at 
the same time a very useful one, for the student to give 
analytical solutions to all the foregoing questions of 
simple equations. As an illustration of the kind of 
analysis required, the student is referred to Chapter XII, 
Higher Arithmetic. 
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EQUATIONS OF TWO OR MORE UKKNOWN QUANTITIES. 

(67.) Suppose we hare giren the two equations. 

a>-y=ll, 
to find the value of x and y. L 

If we take their sum, we shall have H 

2ar=30. 
Diyiding by 2, we find 

Again, subtracting the second equation from the first, 
we have 

2y==S. 

Dividing by 2, we obtain 

y=4. 

2. We have given the two equations 

X y 
-6+16=3, (2) 

to find the value of x and y. 

We vTill first clear these equations of fractions, by 
multiplying the first by 12, and the second by 48, we 
thus obtain 

4a:+3y= 96, (3) 

8a:+3y=144. (4) 

Subtracting ^^3) from (4,) we have 

4«=48. 
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IXTiding by 4j we find 
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12. 
If we multiply (3) by 2, it becomea 

8x+6y=192. (6) 

■ 

Now, subtracting (4) from (5,) we find 

3y=48. 

Dividing by 3, we find 

3/=16. 
3. If we hare given the two equations 

2a:— 3y= 4, (1) 

8a:— 6y=40, (2) 

to find X and y, we proceed as follows : 

Dividing (2) by 2, it becomes 

4x— 3yt=20. (3) 

Subtracting (1) from (3,) we find 

2a:^16. 
Therefore, x=8. 

Multiplying (1) by 4, we have 

8x— 12y=16. (4) 

Subtracting (4) from (2,) we get 

6y=24. 
Therefore, y=4. 

BXIMINATION BY ADDITION AND SUBTRACTION. 

(68.) From what has been done, we discover that an 
unknown quantity may be eliminated from two equa- 
tions by the following 

8 
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RULE. 

Operate upon the two given equationsy by muttiplica' 
tion or divisiony so that the coefficients of the quarUity 
to be eliminated J may become the same in both equa- 
tions; then add or subtract the two equations ^ as may be 
necessary^ to cause these two terms to disappear. 

EXAMPLES. 

4. Given, to find x and y^ the two equations 

3x— y=3, (1) 

y+2x=l. (2) 

If we add the two equations, we have 

6x=10. 
Therefore, a:=2. 3) 

Again, multiplying (3) by 2, we get 

2a:=4. (4) 

Subtracting (4) from (2,) we obtain 

y=3. 

5. Given, to find x and y, the two equations 

X V 

1+1=6, (1) 

|+|=6|. (2) 

Clearing these equations of fractions, by multiplying 
each by 6, they become 

3x+2y=36, (3) 

2a:+3y=39. (4) 
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Multiplying (3) by 3, and (4) by 2, they become 

9a:+6y=108, . (5) 

^ 4x+ey= 78. (6) 

Subtracting (6) from (5,) we get 

5x=30, 
and x=6. (7) 

Multiplying (7) by 2, it becomes 

2a^l2. (8) 

Subtracting (8) from (4,) we find 

33^=27. 
Therefore, y=9. 

6. Suppose we wish to find x, y, and Zj from the three 
equations 

5a:— 6y+4z=15, (1) 

7a:+4y— 3z=19, (2) 

2x+ y+6z=46. (3) 

We will first eliminate y; for this purpose multiply 
(3) first by 4 and then by 6*, and we shall obtain 

8j:+4y+24z=184, (4) 

12x+ey+36z=276. (6) 

Add (1) to (5,) and subtract (2) from (4,) and we 
have 

17a:+40z=291, (6) 

ar+27z=166. (7) 

We have now the two equations (6) and (7,) and but 
two-unknown quantities a: and z. 

Multiply (7) by 17, and it will become 

17ar+459z=:2805. (8) 
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Subtracting (6) from (8) we obtain 

419z=2514. ~ (9) 

Dividing (9) by 419, we find 

z=e. (10) 

Multiplying (10) by 27, we find 

27z=162. (11) 

Subtracting (11) from (7,) we get 

x=Z. (12) 

Multiply bg (10) by 6, and (12) by 2, and then taking 
their sum, we find 

ez+2x=42. (13) 

Subtracting (13) from (3,) we get 

' y=4. 

(69.) We will now repeat the solution of this last 
question, adopting a simple and easy method of indi- 
cating the successive steps in the operations. 

The method which we propose to make use of, is to . 
indicate by algebraic signs, the same operations upon 
the respective numbers of the diflferent equations, as we 
wish to have performed upon the equations themselves. 

Thus, 

shows, that equation (6) is obtain- 
(6)=(4) X 3 ^ ed by multiplying equation (4) by 

3. 

shows, that equation (10) is ob- 
(10)=(7)+(1) ^ tained by adding equations (7) and 

(1') 
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shows, that equation (11) is ob- 
(11)=(6) — (3) ^ tained by subtracting equation (3) 

from (6). 

shows, that equation (15) is ob- 
(15)=(14)-^3 ^ tained by dividing equation (14) 

by 3. 

And 80 on for other combinations. 

This kind of notation will become familiar by a little 
practice. 

We will DOW resume our equations of last example. 

5x — 6y+4z=15, (1) 
Given ^ 7x+4y — 3z=19j (2) ^ to find x, y, and z. 
2x+ y+6z=:46, (3) 



8x+ 4y-H 


242= 184, 


(4) 


- (3)X4 


\2x+ 6y+ 


36z— 276, 


(5) 


— (3)x6 


171+ 


402— 291, 


(6) 


- (l)+(5) 


x+ 


272— 165, 


(7) 


(4)-(2) 


17x+459z=2805, 


(8) 


— (7)X17 


I 


1192—2514, 


(9) 


(8)-(6) 




2=6, ( 


:io) 


= (9)-^419 


• 


272—162, ( 


:ii) 


1— (10)X27 




-3, ( 


[12) 


= (7)-(ll) 




62—36, ( 


:i3) 


— (10)X« 




2«=6, ( 


:i4) 


^12) X 2 


6z-|-2x— 42, ( 


[15) 


(13)+(14) 




y=4. ( 


:i6) 


= C3)-(15) 
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Collecting equations (12,) (16,) and (10,) we have 

r x=^j (12) 

Jlns, } y=4j (16) 

( c=6. (10) 

ELIMINATION BY COMPARISON. 

(70.) We may also eliminate one of the unknown 
quantities of two equations, by the following process : 

Take the two equations 

5y— 3a:=— 14,x (1) 

3y+4x=:38. (2) 

If we, for a moment, consider y as a known quantity, 
we may then, from each of these equations, -find the 
value of X by Rule under Art. 63. 

We thus find 

-2^'. (3) 

^^. (4) 

Putting these two values of x equal to each other, 
we have 

14+5y 38— 3y ,,. 

— 3— =-T~- ^^' 

Clearing (5) of fractions, it becomes 

. 56+20y=114— 9y. (6) 

Transposing and uniting terms, we find 

29y=58. 
Therefore, y=2. 
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This value of y substituted in either of the equations 
(3) or (4,) will give 

The above method of eliminating may be given as 
in the following 

RULE. 

/. Findy from each of the given equations^ the value 
of one of the unknovm quantities^ by Rule under Art. 
63, on the supposition that the other quantities are 
knovm. 

II, Then equate these different expressions of the 
value of the unknown^ thus found^ and we shall thus 
have a number of equations one less than were first 
given ; and they will also contain a number of unknovm 
quantities one less than at first, 

III. Operating with these new equations^ as was done 
with the given equations^ we can again reduce their num- 
ber one ; and continuing this process ^ we shall finally 
have but one equation containing but one unknown 
quantity^ which will then become known. 

EXAMPLES. 

r lx+5y+2z= 79, (1) ^ 
1. Given ) 8x+7y+9z=122, (2) > to find x, y, andz. 
^ X'+4y+6z= 55, (3) ) 

By Rule under Art. 63, we find, by using (1) (2) 
and (3,) 
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122— 7y— 9z /gv 

af= g , v / 

a;=55 — 4y — 5z. (6) 

Equating (4) and (6); and (5) and (6), we have 
2^=:^=55-4y-^z, (7) 

. 122-7y-9z^g_^y_^^^ ^8) 

When cleared of fractions, (7) and (8) become 
79_5y_2z=385— 28y— 35z, 
122— 73^—92=440— 32y—40z. 

Transposing and uniting terms, we have 

23y+332=306, (9) 

25y+3l2=3l8. (10) 

Equations (9) and (10) give 

306— 33z 



23 



(11) 



318 — 31z /io\ 

y=—2s— ^^^^ 



Equating (1 1) and (12) , we have 
306— 33z 318— 31z 
23 "" 26 ' 
which reduced, gives 

2=3. 



(13) 
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This value of z substituted in (11)9 gives 

y=9. 
And these values of z and y^ substituted in (6), give 



2. Given \ la?+ Jy+i2^=47, \ to find a:, y, and z. 

These equations, when cleared of fractionS| become 

6x+ 4y+ 3z= 744, (1) 

20x+15y+12z=2820, (2) 

15x+ 12y + I0z=2280. (3) 



From (1), (2), and (3), we find 

744 — 6x — 4y 

z— 3 , 

_282 0— 20x— 15y 
~"~i2 ' 

2280— 15a>— 12y 

'' 10 • 



(4) 
(5) 
(6) 



Equating (4) with (5); and (4) with (6), we have 

744 — 6g— 4y 2820— 20a:— 15y . . 
3 =- i2 ' ^^^ 

744— 6a:— 4y 2280— 15x— 12y ,qv 

3 — Jo • ^^^ 

Equations (7) and (8), when reduced, become 

4a:+ y=156, (9) 

16a:+4y=600. (10) 
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Equations (9) and (10) give 

y=156— 4x, (11) 

600— 16a: ,,^. 

y= — I — • (12) 

Equating (11) and (12), we have 

156-^«=52^'. (13) 

4 

y This reduced, gives 

a:=24. 

Having found x, we readily find y and z to be 

y=60; 2=120. 

ELIMINATION BY SUBSTITUTION. 

(71.) There is still another method of elimination. 

1. Suppose we haye given the two equations 

6a;+2y=45, (1) 

4x+ y=33. (2) 

From the first we find 

y=-2— (3) 

Substituting this value of y in (2), we have 

4x+^=33. (4) 

Equation (4), when cleared of fractions, becomes 

8a:+45--6x=66. (6) 

This gives 



SIMPLE EQUATIONS. 95 

Substituting this value of x in (3), we find 

y=5. 

2. Again, suppose we have given, to find Xj y, and z, 
the three equations 

2a:+4y— 3z=22, (1) 

4x— 2y+62=18, (2) 

6x+7y^ z=63. (3) 

From equation (3,) we obtain 

z=6x+7y— 63. (4) 

Substituting this value of z, in (1) and (2), and they 
will become 

2x+4y— 3(6x+7y— 63>=22, (5) 
4a:— 2y+5(6a:+7y— 63)=18. (6) 

Equations (5) and (6) become, after expanding, trans-- 
posing, and uniting terms, 

16a:+17y^l67, (7) 

34a:+33y=333. (8) 

Equation (7) gives 

This value of ar, substituted in (8), gives 

34(167-17y)_^33^33^ 
16 

Equation (10), when solved as a simple equation of 
one unknown quantity, gives 

y=7. 
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Substituting this value of y in (9), we find 

a:=3. 

Using these values of x and y in (4), we obtain 

(72.) This method of eliminating may be compre- 
hended in the following 

♦ 
RULE. 

Having found the value of one of the unknown quan- 
tities, from either of the given equations^ in terms of 
the other unknown quantities; substitute it for that un- 
known quantity in the remaining equations^ and we shall 
thus obtain a new system of equations one less in num- 
ber than those given. Operate with these new equations 
as with the firsts and so continue until we find one single 
equation with but one unknown quantity^ which wUl 
then become known, 

EXAMPLES. 
C X — M?= 50j {V\ S 

•■/>!• 1 3v — a:=120, (2) r . i? i i 

1. Given I 2z—y=\20\ (3) \ ^^ ^^^ ^^ ^' ^' ^^^ ^' 
f 2w—z=l^b\ (4) J 

From (1) we find 

w=x — 50. (5) 

This value of w^ substituted in (4), gives 
3(a?— 50)— 2;=1 95 , or 3x— 2=345 . (6) 

Equation (6) gives 

z=3a:-7346. (7) 
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This value of z, substituted in (3), gives 
2(3a:— 345)— y=120, or 6a;— ^^810. (8) 

Equation (8) gives 

y=6x— 810. (9) 

This value of y, substituted in (2), gives 

3(6a?-8l0)— «=120, (10) 

or 17x==2550. (11) 

Therefore, a:=160. 

This value of x, causes (9) to become 

y=90. 

Using the value of x in (7), we find 

s=105. 

Finally, using the value of x in (5), we find 

w=100. 

«+Jy==aj (I) 
2. G.ven I 3/+iz=a, (2) } to find a:, y, and z. 

2:+Jx=a, (3) 



Equation (3) gives 

4a — X 



(4) 



This value of z, substituted in (2,) we have 



12 

Clearing of tractions and uniting terms, (5) becomes 

12y— x=8a. (6) 

9 
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From (6) we find 



x=l2y^Sa. (7) 

This value of a:, substituted in (1), gives 

12y— 8a+-|=a. (8) 

Equation (8) gives 

25y=18a. (9) 

18a 
Therefore, ^^^25*' 

This value of y, substituted in (7), gives 

16a 



25 

Substituting for a?, in (4,) its value just found, we have 

_21a 
25 

Hence, collecting values we have, 

1 «- 



.9 1 



2=i4a. 



We may observe that if a is any multiple of 25, the 
above value of Xj y, and z, will be integers. 

(73.) All equations of the first degree, containing 
any number of unknown quantities, can be solved by 
either of the Rules under Articles, 68, 70, and 72, or 
by a combination of the same. 

The student must exercise his own judgment, as to 
the choice of the above Rules. In very many cases, he 
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will discover many short processes, which depend upon 
the particular equations given. 

(74.) We will now solve a few equations, and shall 
endeavor to effect their solution in the simplest manner 
possible. 

1. Given < ^ . ^ oo' ^ to find the values of x 
I 3x-j-4y= 88 

and y. 



:l'° 



Adding the two equations, and dividing the sum by 
9, we find 

a:+y=24. (1) 

Multiplying (1) by 3, and subtracting the result from 
the second of the given equations, we have 

y=16. (2) 

Subtracting (2) from (1), we get 

a:=8. 

( «+y=«j (1) i 
2. Given } y+2=6, (2) > to find x, y, and z. 

(^ Z'\'X=c^ (3) 5 

Dividing the sum of these three equations by 2, we 
find 

a:+y+z=^i^. (4) 

From (4) subtracting, successively, (2), (3), and (1), 
we find 
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^ ^ (A) 



H+b+C \ 



Equations (1), (2), and (3), of -this last example 
are so related that if in (1) we change x to y, y to 
z, and a to b, it will correspond with (2). Again, if 
in (2) we change y to z, z to x, and fr to c, it will cor- 
respond with (3). Also, if in (3) we change z io XfX 
to y, and c to a, it will give (1), from which we first 
started. In each change we have advanced the letters 
one place lower in the alphabetical scale, observing that 
when we wish to change the last letters of the series, as 
z or c, we must change them respectively to x and a, 
the first of the series. 

Since the above changes can be made with the primi- 
tive equations (1), (2), (3), without altering the condi- 
tions of the question, it follows that the same changes 
can be made in any of the equations derived from those. 
Thus, executing those changes in equations (A), we find 
that the first is changed into the second, the second into 
the third, and the third in turn is changed into the first, 

(2) >to find s, y, and z. 
(3)1 
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If we take the sum of these three equations) we shall 
obtain 

Now subtracting twice (2) from (4), and we have 

X=a+c-b. • (6) 

In a similar manner subtracting twice (3) and (1), 
successively, from (4), and we find 

^=c-c+b. (6) 

l=-^+b+c. (7) 

z 

Equations (5), (6), and (7), readily give 



a+c — 

y=iz|+6- }^ (B) 

2 

— a-^b+c 

The letters in this example will admit of the same 
changes as those pointed out in the last example. In- 
deed, the only difference between the two examples is, 
that the unknown quantities in the one example are the 
reciprocals of those in the other. Consequently the ex- 
pressions for X, Vy and Zy as given by equations (B), 
ought to be the reciprocals of those given by equations 
(A), which we find to be really the case. 
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'«H-«+y=i3, (1) 

4. Given ^;_^y^^_l8,' ;3)>tofindu,x,y,andz. 
j^+y+z=21, (4)) 

Dividing the sum of these four equations by 3, we 
obtain 

u+x+y+z=23. (5) 

From (5), subtracting successively, (4), (3), (2) , and 
(1) J and we find 




5. A man left a sum of money' which w^s divided 
among 4 children, so that the share of the first was | 
the sum of the shares of the other three ; the share of 
the second i of the sum of the other three ; and the 
share of the third | of the som of the other three ; 9nd 
it -was also found that the share of the first exceeded 
that of the last by $7 (a) . . What was the share of each 
child ? 

Let Uy X, y, and z represent respectively their shares. 

Then by the question we have these four conditions : 



''■±?±-^ w 
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u+x+z ^3^ 

4) 



These e^ations, cleared of fractions^ become 

2tt=a:4-y+2?, (6) 

dx=u+y+z, (6) 

u — a=z. (8) 

If we add u to (6), x to (6), y to (7), we shall have 
u+x+y+z=^3u=4x=6y. (9) 

Therefore, 

3tf ^ 3« 

Which values cause (5) to become 

2«=^+^+z. (10) 



(11) 



This gives 

"=20- 

Substituting this value of z in (8), we find 

20a • 
«=— . 

This value of u readily makes known the value of the 
other letters. Collecting the values we have 

20a . 15a 
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12a 13a 

^ 7 ' '^ 7 ' 

* 

Now, it is obvious that the least value which can be 
giyen to a so as to avoid fractions is 7. It is also obvi- 
ous that a being any multiple of 7, the values of «, x, 
y^ and Zy will be integral. 

When a=:7, we find 

M=20, 

y=12, 
z==13. 

And, in all cases, the values are in the ratio of these 
last values. 

^ ,>.. < 3a:+2v=118, > ^ , 
6. Given < , ^ .^. ? to find x. and y. 
( a:+6y=19l,5 ' 



^n« 



C a:=16. 

• < y=35. 



7. A and B possess together a fortune of $570. If 
A's fortune were 3 times, and B's 5 times as great as 
each really* is, then they would have together $2350. 
How much had each 1 

Ans. A $250, B $320. 

8. Find two numbers of the following properties : 
When the first is multiplied by 2, the other by 6, and 
both products added together, the sum is=31 \ on the 
other hand, if the first be multiplied by 7, and the 
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second by 4, and both products added together, we 
shall obtain 68. 

^s. The first is 8, and the second is 3. 

9. A owes $1200, B $2550 ; but neither has enough 
to pay his debts. Lend me, said A to B, | of your 
fortune, and I shall be enabled to pay my debts. B 
answered, I can discharge my debts, if you will lend 
me i of yours. What was the fortune cf each ? 

Jlns. A's fortune is $900, and that of B's $2400. 

10. There is a fraction such, that if 1 be added to 
the numerator, its value =^, and if 1 be added to the 
denominator, its value =J. What fraction is it 1 

11. A, B, C, owe together $2190, and neither of them 
can alone pay this sum ; but when they unite, it can be 
done in the following ways : first, by B's putting ^ of 
his property to all of A's ; secondly, by C's putting f 
of his property to all of B's ; or thirdly, by A's adding 
I of his property to C's. How much did each possess 1 

Ans. A $1530, B $1540, and C $1170. 

12. Three masons. A, B, C, are to build a wall. A 
and B, jointly, could build this wall in 12 days ; B 
and C could accomplish it in 20 days ; A and C could 
do it in 15 days. What time would each take to do it 
alone in ? And in what time will they finish it, if all 
three work together % 

A requires 20 days, B 30, and C 60 ; 
Ans, 



■{ 



all three together require 10 days. 
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13. A cistera containing 210 buckets, may be filled 
by 2 pipes. By an experiment, in which the first was 
open 4, and the second 6 hours, 90 buckets of water 
were obtained. By another experiment, when the first 
was open 7, and the other 3^ hours, 126 buckets were 
oMained. How many buckets does each pipe dis- 
charge in an hour 1 And in what time will the cistern 
be full, when the water flows from both pipes at once 1 

The first pipe discharges 15, and the 
^n$. .^ second, 6 buckets ; it will require 10 
hours for them to fill the cistern. 

14. According to Vitruvius, Hiero's crown weighed 
20 lbs., and lost 14 lbs., nearly, in water. Let it be 
assumed that it consisted of gold and silver only, and 
that 20 lbs. of gold lose 1 lb. in water, and 10 lbs. of 
silver, in like manner, lose 1 lb. How much gold, and 
how much silver did this crown contain 1 

Ans, 15 lbs. of gold, and 5 lbs of silver. 

. 15. A person has two large pieces of iron whose 
weights are required. It is known that | of the first 
piece weighs 96 lbs. less than } of the other piece ; and 
that f of the other piece weighs exactly as much as ^ 
of the first. How much did each of these pieces weigh % 

Ans. The first weighs 720, the second 512 lbs. 

16. Two persons, A and B, were eating apples. 
Says A to B, if you give me 2 of yours, I shall have 
as many as ypu; if you give me 2 of yours, answered 



— ■ »*>■ -^^ 
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B, I shall have twice as many as* you. How many 
had each ? 

Ans. A had 10, and C 14. 

17. It is required to find three numbers, such, that \ 
of the first, | of the second, and \ of the third, shall 
together make 46 ; | of the first, \ of the second, and 
\ of the third, shall together make 36 ; and \ of the 
first, \ of the second, and ^ of the third, shall together 
make 28}. 

Ans. 12, 60, and 80. 

18. A person eicpends 30 cents in apples and pears^ 
giving a cent for four apples, and a cent for five pears. 
He afterwards parts with half his apples, and one-third 
of his pears, the cost of which was thirteen cents. How 
many did he buy of each 1 

Ans, 12 apples, and 60 pears. 

19. The ages of three men, A, B, and C, are such, 
that I of A's, \ of B's, and | of C's make 80 years ; 
\ of A's, \ of B's, and \ of C's make 78 years ; and 
\ of A's, I of B's, and \ of C's make 35 years. Re- 
quired the age of each. 

C A's age was 60 years. 

Ans. < B's age was 80 years^ 

( C's age was 90 years. 

20. A wine merchant has two kinds of wine ; the first 
kind is worth $2 per bottle, the second is $li. He 
wishes to make a mixture of 120 bottles which shall be 
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worth $1| per bottle. How many bottles must he lake 
of each kind 1 

40 bottles of first kind. 



■1 



80 bottles of second kind. 



21. The fortunes of four persons, A, B, C, and D, 
are determined by the following conditions : A and B 
have together $1000 ; C and D $1200 ; A's fortune is 
double that oif C's, and D's three times that of B. How 
much had each 1 



Ans. 



A had $720. 
)B had $280. 
|C had $360. 
D had $840. 



fi2. A man, who undertook to transport some porce- 
lain vases of three diflFerent sizes, contracted thtit he 
would pay as much for each vessel that he broke, as he 
received for those which he delivered safe. 

He had committed to him, 2 spiall vases, 4 of a mid- 
dle size, and 9 large ones ; he broke the middle sized 
ones, delivered all the others safe, and received 28 
cents. 

There were afterwards committed to him 7 small 
vases, 3 of the middle size, and 5 of the large ones ; 
this time he broke the large ones, delivered the others, 
and received only 3 cents. 

Lastly, he took charge of 9 small vases, 10 middle 
sized ones, and 11 large ones ; this time he also broke 
the large ones, and delivered the others, and received 
only 4 cents. 
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How much was paid for carrying a yase of each 
kind? 

t He received 2 cents for carrying a small one. 
M^ns. ^ <^ 3 ^^ a middle sized one. 

( "4 " a large one. 

23. Find four numbers, so that the first together with 
half the second, maybe 367 ; the second with one-third 
of the third, may be 476 ; the third with one-fourth of 
the fourth, may be 596 ; and the fourth with one-fifth of 
the first, may be 714. 

The first =190. 

.The second =^334. 
I •^'*^- me third =426. 

! (The fourth =676. 



f 



^ 



10 
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CHAPTER JV. 

INVOLUTION, EVOLUTION, IRRATIONAL AND 
IMAGINARY QUANTITIES. 



INVOLUTION. 

(75.) The process of raising a quantity to any pro- 
posed power, is called iNvoLtmoN. 

When the quantity is a single letter, it may be in- 
volved by placing the number denoting the power above 
it a little to the right. (Art. 11). 

After the same manner we may represent the power 
of any quantity, by enclosing it within a parenthesis, 
and then treating it as a single letter. 

Thus, 

The second power of mx=^{mxy^ 
The third power cf a-f-6=(a+6)S 
The fourth power of 3m-|-y=(3f7i-|-y)*, 
&c., &c. 

CASE I. 

(76.) To involve a monomial, we obviously have this 

RULE. 

I. Raise the coefficient to the require^ power ^ hy actu-^ 
al multiplic4ition. 
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IL Raise the different letters to the required power 
by multiplying the exponents^ which they already have^ 
by the number denoting the power ^ observing that if no 
exponent is written^ then 1 is always understood. To 
this power prefix the power of the coefficient. 

Note. — ^If the quantity to be involved is negative, 
the signs of the even powers must be positive, and the 
signs of the odd powers negative. (Art. 23). 

EXAMPLES. 

1. What is the square of Zax^ 1 
Here the square of 3 equals 

3*=3X3=9. 

Considerirtg the exponent of a, in the expression aa^, 
as 1, we find a^x^ for the square of aa^. 

Therefore we have 

(3aa:«)^=9aV. 

2. What is the fifth power of — 2a6» ? 

Ans. (— 2a6»)»=— 32a»6". 

3. What is the fourth power of — ^a^y"^ 1 

o 

.Aw- (-4«3r«)«=i^**jr«, 

which by Art. 32, is the same as 

3* 
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1 

4. What is the seventh power of —cc^^x 1 



Jlns. — a-~^«''= 5 



7 ^ 

7 

5. What is the third power of x'jr* 1 



a^ 



T 

6. What is the nth power of — 2ar-y 1 

7. What is the square of — Taf-^jr* 1 

49 
Arts. 49ar-«3r^=^. 

1 . « 

8. What is the third power of —^^T' ^ 



125 ^ 125y^'^' 

9. What is the seventh power of — m^xzr^ ? 

7 

Atis, — m^x^Z"'^, 

2 „ . 

10. What is the fourth power of ^nr^y^'i 

o 

Ans. — n-®y*^. 

CASE II. 

(77.) At present, we will content ourselves, by ivolv- 
ing compound expessions, by actual multiplication ac- 
cording to Rule under Art. 27. 
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EXAMPLES. 

1. Find the second power of ac+y — z. . 

x+y — 2 

x+y — z 
x*+xy— xz 

+xy +y^—yz 
— xz — yz-j-z^ 

^ns, =r:a:'^-(-2a:y — 2xz-\ry^ — ^2yx+z*. 

2. Find the fifth power of a+t, as well as the lower 
powers of the same. 

a+6 



a •\'h 



a*Z>+2aZ>2+6» 



(a+6)'=a'+3a*6+3a6«+&». 



a^+3a'6+ 3a^6«+ aft* 

a +h 

a'^+4a*6+ 6a^6*+ 40^6'+ a6^ 

a^6+ 4a^6^+ 6a^6^+4o6*+6 ^ 

(a+6)»=a»+5a^6+10a»6«+10a«6'+5a6*+6*. 
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3. Find the fifth power of a — 6. 
(a— 6)^=0— 6. 
a — b 



o* — ab 
—a^+b^ 

{a—bY=:a^—2ab+b\ 
a — b 



a^—2a%+ab^ 



{a—bY=a^—3aH+3ab'~b^ 
a — b 



a*—3a^+3a%^— ab^ 
— a^-\-3a^b^—3ab^+b* 



{a—by=a^—4a^ -\-eaH^—4ab'' +b\ 
a — b 

— a'^b+ 4a362_ Sa^p+4ab^—b^ 

(a— 6)«=a«— 6a^6+ 1 Oa»&«— 10a^Z>3+5a6^— 6« 
4. What is the cube of a — x 1 

6. What is the square of m-}-7i — x ? 

Ans, m^+2mn — 2mx+n^ — 2nx+x^. 

6. What is the fourth power of 3x — 2y ? 

Jlns. 8lx*— 216x«y+216a:y— 96a:/+16y*. 

7. What is the square of a+6 ? 

Ans. a^+2ab+b^. 

8. What is the square of a+6+c ? 

Jins. a9+2ab+2ac+b^+2bc+<^. 
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EVOLUTION. 

(78.) Evolution is the extracting of roots^ or the re- 
verse process of involution. 

When the quantity whose root is to be found is a sin- 
gle letter, the operation is denoted by giving it a frac- 
tional exponent, the denominator of which denotes the 
degree of the root. 

And in the same manner we may denote the extrac- 
tion of a root of any quantity or expression, by enclos- 
ing it in a parenthesis, and then treating it as a single 
letter. 

Thus, the second root ofj»y=(my) " , 

the third root of x-\-y={x-\-y)^y 

the fourth root of 2x — 3y={2x — 3y)^, 

the nth root of a — b={a — 6)*, 
&c. &c. 

CASE I. 

(79.) To extract a root of a monomial, we obviously 
have the following 

RULE. 

I. Extract the required root of the coefficient by the 
usual arithmetical rule, (See Arithmetic.) When the 
root cannot be accurately obtained^ it may be denoted by 
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means of a fractional exponent^ the same as in the case 
of a letter. 

11, Extract the required root of the different letters^ 
by multiplying the exponents which they already have by 
the fractional exponent denoting the required root. To 
this root prefix the root of the coefficient. 

Note. — Since the even powers of all quantities, 
whether positive or negative, are positive; it follows that 
an even root of a negative quantity is impossible^ and an 
even root of a positive quantity is either positive or nega- 
tive. We also infer that an odd root of any quantity 
has the sabie sign as the quantity itself. 

examples. 

1. What is the square root of 64a'ft*a;* ? 

In this example the square root of the coefficient, 64, 
is ±8, where we have used both signs. 

And, 

Therefore, (640^6 V)^==b8a6V. 

5. What is the cube root of 64a V ? 

nAns\ ^ax^, 

3. What is the fifth root of —32xy^ 1 

1 9 

n^ns. — 2x^y^. 
4.. What is the seventh root of — axr'^ 1 

Ans. — 0^3^"^= — -I- 

a:* 
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5. What is the square root of — 4a^5* ? 

Ans. Impossible. 

6. What is the cube root of 27a»i*^ ? 

Jlns. 3afr^. 

7. What is the fourth root of 16a-^*ftar-» ? 

1 



3 1 



(80.) By comparing the operations of this rule with 
those of the rule under Art. 76, we see that involution 
and evolution of monomials may both be performed by 
this general 

RULE. 

Multiply the exponents of the respective letters by the 
exponent denoting the power or root. 

EXAMPLES. 

1. What is the cube root of the second power of 

If we first raise 8a'6® to the second power it will be- 
come 

Extracting the third root, we find 

for the result required. 

Again, first extracting the cube root of 8o*6*, it be- 
comes 

(8a»6*)Wai». 
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Raising this to the second power, it becomes 

the same as before. 

(81.) Hence the cube root of the square of a quantity 
is the same as the square of the cube root of the same 
quantity. 

And, in general, the nth root of the mth power of a 
quantity is the same as the mth power of the nth root of 
the same quantity. 

4 

Therefore, a* may be read, the fourth power of the 
fifth root of a, or, the fifth root of the fourth power of a. 

3 

And in the same way, (a+i)* is read, the third power 
of the square root of the sum of a and 5, or the square 
root of the third power of the sum of a and 6. 

2. What is the value of (— 3a6V)^? 

Jlns. 3^ah^x^. 

3. What is the value of {4ar^b*x)^ 1 

4. What is the value of (9o«i*)^? 

^ns. db27a*6*. 

5. What is the value of (8a«x)^? 

a 

.Sns. 4a*af^. 
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6. What is the value of (fiU^b^x^ ')^ 1 

7. What is the value of (64a«6«x^ «) *. 

.Aw. 16a*6V. 

CASE II. 

(82.) To extract any root of a polynomial, we have 
the following general 

RULE. 

I. Having arranged the polynomial according to the 
powers of some one of the letters^ so that the highest 
power shall stand first y extract the required root of the 
fi/rst term^ which will he the first term of the root sought. 

IL Subtract the power of this fi/rst term of the root 
from the polynomial^ and divide the fi/rst term of the re- 
mainder ^ by the first term of the root involved to the 
next inferior power ^ and multiplied by the number de- 
noting the root ; the quotient will be the second term of 
the root. 

III. Subtract the power of the terms already found 
from the polynomial j and using the same divisor proceed 
as before. 

This rule obviously verifies itself, since, whenever a 
new term is added to the root, the whole is raised to 
the given power, and the result is subtracted from the 
given polynomial. And when we thus find a power equal 
to the given polynomial, it is evident that the true root 
has been found. 
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1. What is the fifth root of 

OPERATION. ROOT. » 

a* 



5a*) da^b 



EXPLANATION. 

We first found the fifth root of the first term a*, to be 
a, which we placed to the right of the polynomial for 
the first term of the root. Raising a to the fifth power 
and subtracting it from the polynomial, we have 5a^b for 
the first term of the remainder. 

Since the number denoting the root is 5, we raise the 
first term of the root, a, to the fourth power, which thus 
becomes a*, this multiplied by the number denoting the 
root, gives 5a* for our divisor. 

Now, dividing 6a*b by 5a*,we get 6,which we write for 
the second term of the root. 

Involving this root to the fifth power by actual multi- 
plication, as was done in Ex. 2, Art, 77, we have 
(a+6)»=a«+5a*6+10a»6'*+10a*6»+5a6*+6«, 

which subtracted from the given polynomial leaves no 
remainder, so that we know that a +6 is the true root. 

2. What is the square root of 

4x*— 16a:»+24x»— 16a;+4 ? 
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OPERATION. HOOT. 

^ar") — 16ar« 



4x^) 8x* 

{2a^—4x+2Y=4x^—l6x^+24x*—l6x+4 



3. What is the square root of 

16x^+24a:»+8ai:*+60a;+100 ? 

^ns. 4«»+3a;+10. 

4. What is the cube root of 

a«+3a«— 3a*— lla»+6a«+12a— 8 ? 

^ns. o*-|-a — 2. 
6. What is the sixth, root of 
a^-jQa^b + 16a*i»— 20a»i»+ 16a«i*— 6ai«+i« ? 

6. What is the fourth root of 

a*— 4a»6-h6aa6«— 4a5»+5* t 

Am. 

7. What is the seventh root of m''+7m^i+21mV 
+36mV+35m»n*+21mV+7mn«+n'' ? 

(83.) If we carefully observe the law by which a 
polynomial is raised to the second power, we shall, by 
reversing the process, be enabled to deduce a rule for 
the extraction of the sqitare root of a polynomial, which 

11 
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will be more simple than the above general rule, and of 
more interest, since the arithmetical rule is deduced 
from it. 

By actual multiplication, we find 
{a+by=a^+2ab+b^, 

{a+b+c+dy 
=a^+2ab+b''+2{a+b)c+c''+2{a+b+c)d+d^, 

{a+b+c+d+ey ^ 

_ 5 a^+2ab+b^+2{a+b)c+c'' ? 

— \ +2{a+b+c)d+d^+2{a+b+c+d)e+e\ J 

&c &c. 

From the above we discover, that 

(84.) The square of any polynomdal is equal to the 
square of the first ternij pltis twice the first terra into the 
second^ plus the square of the second; plus twice the 
sum of the first two into the third j plus the square of the 
third; plus twice the sum of the first three into the 
fourth^ plus the square of the fourth; and so on, 

(85.) Hence, the square root of a polynomial can be 
found by the following 

RULE. 

I After arranging the polynomial according to the 
powers of some one of the letters^ take the root of the 
first term for the first term of the required rooty and sub- 
fract its square from the polynomial. 
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II. Bring down the next two terms for a dividend. 
Divide it by twice the r6ot just found^ and add the quo- 
tient^ both to the root and to the divisor. Multiply the 
divisor thus increased^ into the term last placed in the 
rooty and subtract the product from the dividend, 

III. Bring down two or three additional terms and 
proceed as before, 

EXAMPLES. 

1. What is the square root of 
a*+2a5+6*+2(a+5)c+c^+2(a+6+c)(l+(l«? 

OPERATION* ROOT. 

(a + i+c+d. 



2ab+b^ 
2a6+6* 



2(a+6)+c 2{a'{'b)C'itc' 

2(a+6)c+c* 



2(fl+&+c)+d 



2(a+ft-hc)d+(P 
2(a+6+c)d+(P 



2. What is the square root of 

4a:«+12a;*+5a:*— 2x«+7x*— 2«+l ? 
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OPERATION. ROOT. 

(2a:»+3x«— x+1. 
4x«+ 12a:«+5a;*— 2a:»+7ar*— 2a:+ 1 
4x« • 



12a:«+9a:* 



— 4x* — 6j:*-|- x^ 



4a:»+6xa— 2x+l 4a:*+6x*— 2x+l 

4x»+6x*— 2a:+l 



3. What is the square root of 

a.4_2ar*y2— 2x«+y*+2y»+ 1 ? 

•>37W. x' — y* — 1. 

4. What is the square root of 

9»Y— 30xy +25ar^y9 ? 

Ans. dar^y^ — 5xy. 

6. What is the square root of 

a«+2aft— 2ac+6*— 26c+c* 

Jlns, a+h — c. 

6. What is the square root of 

4m9— 36m»+81»* ? 

Ans. 2m — 9n. 
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IRRATIONAL OR SURD QUANTITIES. 

(86.) An I&rational Quantity, or Su&d, is a quan- 
tity affected with a fractional exponent or radical, with- 
out which it cannot be accurately expressed. 

Thus, 

y/3 is a surd, since the square root of 3 cannot be ac- 

1 1 
curately found; also 8^, 4', V4, V^i &©•> we surd 

quantities. 

REDUCTION OF SURDS. 
CASE I. 

(87.) To reduce a rational quantity to the form of a 
surd, we have this 

RULE. 

Raise the quantity to a power denoted by the root of 
the required surd; then the corresponding root of this 
power y expressed by means of a radical sign or frac- 
tional exponent y will express the quantity under the pro^ 
posed form. 

EXAMPLES. 

1. Reduce 6a to the form of the cube root. 
Raising 5a to the third power, we have 

(5a)»=125a», . 

extracting the cube root, it becomes 

6a=Vi25a»=(125a»)^. 
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2. Reduce— to the form of the fifth root, 
a' 






3. Reduce — to the form of the fourth root. 



Jtns 






a* 
4. Reduce r% to the form of the nth root. 






5. Reduce — to the form of the third root. 

1 



'•(?• 

\?.^' 



6'. Reduce ^^^ to the form of the square root. 
x—y 






-2xy+yy • 



CASE II. 



88. To reduce surds expressing different roots to 
equivalent ones expressing the same root. 
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RULE. 

Reduce the different indices to common denominators; 
raise each quantity to a power denoted by the numerator 
of its respective exponent; and then take the root denoted 
by the common denominator. 

EXAMPLES. 

1. Reduce y/S^ l/^j s^nd \/5^ to surds expressing the 
same root. 

Changing the radicals into fractional exponents, they 
become I, |, ij which reduced to a common denomina- 
tor, are y'j, -/j, y\. Now, raising the quantities, 3, 4, 
and 5, to the powers denoted respectively by 6, 4, and 
3, we find 3«, 4% 5% or which is the same 729, 266, 125. 
Taking the I2th root of these results, they become 

(729)", (256) ^'^, (125)T^. 

I a 

2. Reduce a^ and z^ to surds expressing the same 
foot. 

Ill 

3. Reduce x^, y • , m^, to surds expressing the same 
root. 

^ a:^=(x*)*, 

^ns. } y*=(y*)*, 

(m*=(m»)** 
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4. Reduce V^, \/3j V^^ to surds expressing the same 
root. 

Ill 
6. Reduce a^, l^, c^, to surds expressing the same 

rqot. 

\(fi*y\ 



jins. ^~ 



6. Reduce (2x) ^, (S^^)^, to the form of th^ sixth root. 






CASE III. 



(89.) To reduce surds to their simplest form. When- 
ever a surd can be separated into two factors, one of 
which is a perfect power, it can be simplified by this 



RULE. 



Having separated the surd into two factors, one of 
which is a perfect power ^ take the root of the factor which 
is a perfect power ^ and multiply it hy the surd of the 
other factor. 
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EXAMPLES. 



1. Reduce '/288 to its simplest form. 
We can separate 288 into the factors 144 X 2, of which 
144 is a perfect square, whose root is 12 ; therefore 

. %^288=v^l44x2=v^l44X x/2=12^2. 



2. Reduce ^x^y — aV to its simplest form. 

^ns. Va^y — a^x*=x^y — a*. 



3. Reduce V — 32a*6 to its simplest form. 

^ns. V— 32o*6=^-2aVi. 

4. Reduce (a'y^^x*)^ to its simplest form. 

y 

1 
6. Reduce (m'nxy )^ to its simplest form. 

^ns. ma^y (fixy)^ » 

(90.) When a surd'is in the form of a fraction, it may 
be simplified by the following 

RULE. 

Multiply both numerator and denominator by such a 
quantity as will render the denominator a perfect power. 

EXAMPLES. 
8 



1. Reduce n/u ^"^ '^^ simplest form. 



Multiplying both numerator and denominator by 11 
we have 



V 11—^ 121 ^ ISl^^-*^!! 
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2. Re<luce \/ -, to its simplest form. 

a; 



x^ or X 

1 

3. Reduce ( ^^^ ) to its simplest form. 






\ xy I xy^ 



xy I xy 
- — ' — j to its simplest form. 

ADDITION AND SUBTRACTION OF SURDS. 

RULE. 

(91.) Reduce the surds to their simplest form^; then^ 
if the surd part is the same in both^ add or subtract the 
rational parts^ and annex the comm^on surd part to the 
result; but when the surd parts are different^ they can 
only be added or subtracted by the aid qf the signs -|^ 
or — . 

EXAIdPLES* 

1. What is the sum of -/54 and 's/S4 1 Also, what 
is the difference of the same surds ? 
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By reduction we have 



v/54='v^9x6=3v'6. 
^24= ^^4X6=2 ^/6. 



Therefore, v'54 + ^/24 =5 yfQ. 

And, v^54 — V24 = ^/6. 

2. What is the sum and difference of \^a^h and \/ah* 1 

n )Thesum=(a+6)i5/a6. 
^ The diff. ={a—b)Vah. 

3. What is the sum of (36a;V) ^ and (25y)* 1 

.^n^. (6x^-5)^/y. 

4. What is the sum of (8x)^,(ary«) *, and (27x*)* 1 

Ans, (2+3j:+y')Vx. 

5. What is the sum of {a¥x^y \xiA (m*y*®)^ 1 

6. What is the sum of (16x)^ and {^x)h 

Ans. 4x*+3x*=7ar^. 

7. What is the value of (27x)^— (&c)* ? 

Ans. Zx^—2x^=x^ , 

MULTIPLICATION AND DIVISION OF SUKDS. 

RULE. 

92. Reduce the surds to equivalent ones expressing the 
same root^ (Case II, Art. 88,) then multiply or divide as 
required. 



13S ELEMENTS OF ALGEBRA. 

EXAMPLES. 

1. What is the product of ^/8 by V16 ? 
By Case II, we find v'8=(8»)*=(512)*, 

Therefore, ^/8x V16=(512X256)*=4 V32. 

2. What is the product of 4 Voi> by 3 v^6y ? 



Ans, 12Va26y. 

3. Divide 4 V32 by V16. 

Jins. -x/S. 

4. Divide s/'^i^ by V2a6*. 

Ans. c(16a6*)*. 

TO FIND MULTIPLIERS WHICH WILL CAUSE SURDS TO 

ISECOME RATIONAL. 

CASE I. 

93. When the surd consists of but one term, we can 
proceed as follows : 

Suppose the given surd is x*" , if we multiply this by 
y « , by rule under Art. 92, we shall have x<»Xx m =x, 



a rational quantity. 

Hence, to cause a surd to become rational by multi- 
plication, we have this 

RULE. 
Multiply the surd by the same quantity^ having such 
an exponent as when added to the exponent of the given 
surdj shall make a unit. 
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EXAMPLES. 

1 



1. How can the surd x^he made rational by multipli- 
cation'? 

In this example, | added to the exponent |, gives 1, 

a 

therefore we must multiply by a:^ : performing the ope- 
ration, we have ' 



1 a 
x^Xx^=iX. 



3 



2. Multiply x^ so that it shall become rational. 

3 s 



4 

3. Multiply x"^ so that it shall become rational. 

4 IJ. 

CASE II. 

(94.) When the surd consists of two terms, or is a 
binomial surd. 

Suppose it is required to multiply \/a-|- ^/^ so as to 
produce a rational product ; we find that 

{Va+Vb)X{y/a — -s/6)=a— 5. 

Hence, to cause a binomial surd to become rational by 
multiplication, we have this 

RULE. 

Change the signs which connect the two terms of the 
binomial surd^from -|- to — , or from — ^o +> ^^^ ^^t* 
result J multiplied by the binomial surd^ will give a ror 
tional product. 

12 
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1. Multiply v^3 — ^2 so as to obtain a ratioual pro- 
duct. 

.Aw. ( v^3— v^2) X ( v^3+ v^2)==3— 2=1. 

2. Multiply 4 -f- v^5 so that the result shall be rational. 

.Ons, (4+ v'S) X (4— ^5 )=11. 

3. How can v^o+ft — ^o — ft be made rational by 
multiplication 1 

4. How can \/7 — 1 become rational by multiplica- 
tion 1 

^ns. (^/7— 1)X(V7+1)=6. 

(95.) If the surd consist of three or more terms of the 
square root, connected by the signs plus and minus, it 
can be made rational, by first multiplying it by itself af- 
ter changing one or more of the connecting signs. 

EXAMPLES. 

1. If it is required to make y/5 — v'3+'/2 rational 
by multiplication, we should first multiply hy-^/d-^-^/S 
+ \^2, by which mefins we obtain 

y/5 — x/3+ v/2 
y/5+ v^3+ -v/2 



6— •15+ ^10—3+^/6 
+ ^15+ v^lO — ^/6+2 



5 +2V10—3 4-2=2 x/ 10+4. 

Again, multiplying 2v/10+4 by 2\/10 — 4, we get 
(2 V 10 +4) X (2 x/ 10— 4) =24 . 
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2. Multiply 2+ x/3 — v'2 so that it shall become ra- 
tional. 

FIRST OPERATION. 

2+ v/S— v^2 
2+ V3+ V2 



4+2^/3— 2^/2+3— v/6 
+2V3+2V2 +>/6— 2 

4+4 ^/3 +3 — 2=4v/3+6. 

SECOND OPERATION. 

4^3+5 
4v^3— 5 

48 +rOv^3 

— 20v/3— 25 

48 —25=23. 

3. Multiply v^5+v/2 — \/3+l so that its product 
shall be rational. 

FIRST OPERATION. 

^5+ V2— y/3+ 1 
v^5— ^/2+ ^/3+ 1 



6-(.^10— ^15+ ^^6+ x/6— v^2+^/3 
—2— •10+^/15+ v^5H- ^6+^/2— ^3 



+2v/5+2^6. 
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1—2^5+2^6 

1 +2 ^/5 +2 ^6—4 ^/30 
-20—2 V5 +2 ^/6+4 v^30 
24 

^ ^ 

THIBD OVEKATIOH. 

4V6+5 
4>/6— 6 



96 +20v^6 

— 20^/6— 25 

96 —25=71. I 

I 

(96.) To redace fractions having polynomial surds 
for a numerator^ or denominator, or both, so that either 
the numerator or denominator may be free from radi- 
cals. 

Suppose we wish to transform the fraction 

1 I 

^/3+^/2+l 1 

into an equivalent fraction having a rational denomina- 
tor. 

It is evident that this transformation can be effected, 
provided we multiply both numerator and denominator 
by such a quantity as will cause the denominator to be- 
come free of radicals, so that the operation is reduced 
to the finding of a multiplier which will make ' 

^3+^2+1 rational. ! 



J 



SURD QUANTITIES. 137 

We will first multiply by —V^+ \/2+l. 

OPERATION. 

— V3+^/2+l 

— 3— ^6— v^3+ ^/2 
+ 2+^6+y/S+ ^2 

+ 1 

II Hill IIIHll lilt 

2^2. 
Hence, if we multiply both the numerator and denomi- 
^**^^ ^^ J3+J2+i ^^ —V3+y/2+ly it will bc- 

come — J-— — - . 

2^2 

Again, multiplying both numerator and denominator of 
by ^2, we finally have '—. 

The denominator is now rational. 

(97.) Hence, to transform a fraction, having surds in 
its numerator, or denominator, or both, into an equira* 
lent fraction, in which the numerator or denominator may 
be free of surds, we have this 

RULE. 

Multiply the numerator and denominator by such a 
quantity as will cause the numerator or denominator^ as 
the required cake may 5e, to become rational. 
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EXAMPLES. 

1. Reduce —^ — to a fraction having a rational nu- 
merator. 

Multiplying both numerator and denominator by 
6 — V3, we have 

5+v3 _ (5+v^3)(5— V3) _ 22 
4 "^ 4(6— V3) 20-^v3' 

2. Reduce to an equivalent fraction having 

a rational denominator 

V14-V10— V7+V5 
Jins, • 



3. Reduce to an equivalent fraction hav- 

V3— V2+1 ^ 

ing a rational denominator. 

2— V2+V6 

JITIS. : .' 



4. Reduce —r-- , first to a fraction having a ra- 

tional denominator, and then to a fraction having a ra- 
tional numerator. 

Vh-^-y/x b X 

v'fl+ \/a: a — x 



V6+\/iP y/ab'\'y/ax — y/bx — x' 
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IMAGINARY QUANTITIES. 

(98.) We have already shown, that (see Note to the 
Rule under Art. 76,) an even root of a negative quan- 
tity is impossible. Such expressions are called ima- 
ginary. 



1/ 
V 
V 



a 



are all imaginary quantities. 



Surd quantities, though their values cannot be accu- 
rately found, can, nevertheless, be approximately ob- 
tained ; but imaginary quantities can not have their 
values expressed by any means, either accurately or ap- 
proximately. They must, therefore, be regarded merely 
as symbolical expressions. 

(99.) We will confine ourselves to the imaginary 
expressions arising from taking the square root of a ne- 
gative quantity. 

The general form of imaginaries of this kind, is 



^/— o=\/aX— 1 =%/«V— 1. 
Replacing the surd quantity ^/a, by 5, we have 



V—a=hy^—l. 

So that all imaginary quantities arising from extracting 
the square root of a minus quantity are of the form 
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(100.) If we put ^^ — l=c,we shall always hare" 

c«=^-l 
c»=— ^=1 

And in general 

c*««=l 






;*«=1 /| 



C*~+»= •/ 1. 

m being any positive integer whatever. 

(101.) From which we easily deduce the following 
principles. 

1. (+^^^X(+v^^)=— \/a*=— a. 

2. (_>/Z^)x(— '/^)=— ^/<*''=— fl- 



3. (+^/^x(— ^^^)=+^/a*=+a. 

4. (-|.^/Z::^)x( + ^/II6)=— v^a6. 

5. (_^/Z:i)x(— ^/— 5)=— ^aft. 

6. (-j.v'r::i)x(— v^^)=+v^aft. 

The above is in accordance with the usual rules for 
the multiplication of algebraic quantities, and must be 
considered as a definition of this symbol, and of the 
method of using it, and not as a demonstration of its 
properties. 

(102.) The student must not infer from what has been 
said, that imaginary quantities are useless. So for from 
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being useless, they have lent their aid in the solution of 
questions, which required the most refined and delicate 
. analysis. 

(103.) Before closing this chapter^ we will show the 
interpretation of the following symbols. 

Jl 

m 0' ov 

We know from the nature of multiplication, that 
multiplied by a finite quantity, that is, repeated a finite 
number of times, must still remain equal to \ hence, 
we have this condition 

0X->3=0. (1) 

Dividing both members of (1) by A^ we find 

0=|. (2) 



Therefore the symbol -5, will always be equal to 0, as 

as long as .^ is a finite quantity. 

(104.) Since the quotient arising from dividing one 
quantity by another, becomes greater in proportion as 
the divisor is diminished, it follows that when the divisor 
becomes less than any assignable quantity, then the quo- 
tient will exceed any assignable quantity. Hence, 

it is usual for mathematicians to say, that ~ b the re- 
presentation of an infinite quantity. The symbol de- 
ployed to represent infinity is 00, so that we have 

A 
-=00. 



1 
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(105.) Dividing both members of (1) by 0, we find 

^= I- (4) 

This being true for all values of Ay shows that ^ is 
the symbol of an indeterminate quantity. 

To illustrate this last symbol, we will take several 

EXAMPLES. 

1. What is the value of the fraction , r, when 

bx — ao 

x=al 

Substituting a for x, our fraction will become 



X* — a* a* — a* . , , 

T^=^-r L=;^~ ^"^ %ndeterm%nate quantity. 

ox — do ao — ao 

If, before substituting a for x, we divide both numera- 
tor and denominator of the given fraction, by x-^a^ (Art. 
42,) we find 

a? — o^ g+g 



hx — ah h 

Now, substituting a for of, in this reduced form,we find 

X'\'a a +0 ^ 

"1 V~'h' 

2fl flj^"~"~o 
Therefore, -7- is the true value of r; =, when 

OX^-'Hlb 
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2. What is the value of -= ; — «* when x=a 1 

or — 2aX'\'a 

Substituting a for x we find, 

7? — cw? a* — ^a* 

If we reduce this fraction by dividing both numerator 
and denominator by x — a, we find 

x*-i — ax X 

ar* — ^2ax+a* ^a? — a* 

Now, writing a for x in this reduced form, we find 

-£-=-5^=?= 00. (Art.lO.) 
X — a a— -a 

3. What is the value of ^ ^, ~ , when 

x=a? 

When a is substituted for x, we have 

x»_3ax«+3a*x— a« a»— 3a»+3a«— a8_0 



6x — a5 aft— aJ 0' 

Reducing, by dividing numerator and denominator by 
X — a, we find 

X* — 3ax*+3a'x — a* x^ — 2ax+a^ 

bx — aft ft 

Writing a for x, we have 

r^-2ax+a'^^a!^-2a'+a*0^ (Art. 103.) 

ft ft ft 
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(106.) From the above, we conclude that whenever 

an algebraic fraction is reduced to the form j- there 

exists a factor common to both numerator and denomi- 
nator. 

If we reduce the fraction, by dividing both numeratcNr 
and denominator by this common factor, it will become 
of one of the following forms : 

_ = a finite quantity, 

-^=0= no value, 
A 

~ = QD= on infinite quantity. 
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CHAPTER V. 

QUADRATIC EQUATIONS. 

(107.) We have already (Art. 53,) defined a qtiadratu: 
equation^ to be an equation in which the unknown quan- 
tity does not exceed the second degree. 

The most general form of a quadratic equation of one 
unknown quantity, is 

axr^'\'bx=c. (1) 

Dividing all the terms of (1) by a, (Axiom IV,) we find 

x«+-x=£, (2) 

b c 

where, if we assume A= -, and JB=-, we shall have 
' a a 

ar'+^x=B. (3) 

Equation (3) is as general a form for quadrfttics as equs^* 
tion (1). 

In (3) Jt and B can have any values either positiy<s or 
negative. 

(108.) When jJ=0, equation (3) will become 

x»=JB, (4) 

which is called an incomplete quadratic equation^ since 
one of the terms in the general forms (1) and (3) is 
wanting. 

13 
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(109.) When 5=0, equation (3) will become 
which diyided by x is reduced to 

which is no longer a quadratic equation, but a simple 
equation. 

(110.) If .^=0 and B=0 at the same time, equation 
(3) will become 

ar^^O, 
which can only be satisfied by taking x==Q. 

INCOMPLETE QUADRATIC EQUATIONS. 

(111.) We have just seen that the general form of an 
incomplete quadratic equation is 

^=B. (1) 

If we extract the square root of both members of this 
equation, we shall (Art. 79,) have 

x=^ VB. (a) 

Equation (a) may be regarded as a general solution of 
incomplete quadratic equations. 

(112.) To find the value of the unknown, when the 
equation which involves it leads to an incomplete quad- 
ratic equation, we have this 

RULE. 

IL Clear the equatixm of fractions by the same rule 
as for simple equations. 



r 

H 
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11. Then transpose and unite the like terms^ if neces- 
sary^ observing the rule under Art, 60, and we shall thus 
obtain^ after dividing by the coefficient ofx^, an equation 
of the form of x^=B. Extracting the square root of 
both members J we shall find x=±z y/B, 



EXAMPLES. 

1. Given — L-.-|-7=9, to find the values of a:. 

This, when cleared of fractions, by multiplying by 19, 
becomes 

ar*+2+133=171. 

Transposing and uniting terms, we find x^==36. If we 

compare this with our general form, we shall see that 

jB=36. Extracting the square root, we have a:=±6, 
or as it may be better expressed, a:=6, or (r= — 6. 

We must be careful to interpret the double sign ±j 
correctly, the meaning of which is, that the quantity be- 
fore which it is placed may be either plus, or it may be 
minus. It does not mean that the quantity can be both 
plus and minus at the same time. 

2. Given tt-t+;;= 5o^> ^^ ^^ *^^ values of ^. 

14a? 2 Dob 

This cleared of fractions, becomes 

147+343x^=346x^ • 

Transposing and uniting terms 3a:'=147. 
Dividing by 3. a:»=49. 

Extracting the square root, we find x=: 
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25x^ 

3. Given flc* ---=44, to find the values of a:. 

36 

4- Given 8+5ar^=^+4x«+28, to find the values 

o 

of X. 

.Aw. x=dti5. 



5. Given 2+— — ^7=-— +13, to find the values of a:* 

6. Find the values of x from the equation 

IPS T^ 

2x»— 35=80+ ^H—^. 

jJtu. a:=-t7. 

7. Find the values of x from the equation 

5 5 

^/i5. a:=:±l. 

8. Find the values of x from the equation 

g^+7g+17 _3+a; 
35 ~ 5 • 

d. Find the values of x from the equation 

a:(x*+l) x 

20 2' 

10. Find the values of x from the equation 

x{x+3) x+l_4 
~9 3 9"^ 

.0918. X=:i=4, 
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,, ^. 945— 171a;» 37— x« ^ , ^ , 

11. (jriven — = — - — , to nnd the values of flp. 

^ns. as=s=bl. 

12. Given ~- — =3x3— 4x, to find the values of x. 

113. If an equation involving one unknown quan- 
tity can be reduced to the form x*=JV, the value of x 
can be found by simply extracting the nth root of both 
members, thus 

VJV. 



114. Where it must be observed (Art. 79,) that when 
n is an even number, the value of x will be either plus 
or minus for all positive values of JV, but for negative 
values of JV*the value of x will be impossible. When n 
is an odd number, the value of x will have the same sign 
that JV has. 

(116.) If the equation can be reduced to the form 

x^'h=ij\ry then X can be found by raising both members to 
the mth power, thus : 

Where x will be positive for all values of JV, provided 
m is an even number, but when m is an odd number, then 
X will have the same sign as JV. 

(116.) Finally, when the equation can be reduced to 
the form 

n 
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We most fiist inyol ve both members to the mlh power, 
and then extract the nth root, or else we may first ex- 
tract the nth root, and then inToIre to the mth power. 
(Art. 81.) 

m, 

Thus, 



EXAMPLES. 

1. Given ^.^^^JL^ to find x. 

This, when cleared of fractions, becomes 
a;+34 v^x+ 168=a:+42 ^x+lb2. 

Transposing and uniting terms, we have 

Dividing by 8. 

Raising to the second power. 



2. Given ^x+^a+x="T==^^^^^^' 

Va-f-x 

This equation, when cleared of fractions, by multiply- 
ing by v^a-f-x, becomes 



V^ax-|-x*-|-a-|-x:^2a, 
or, >^ax-|-x'=a — x. 
Squaring both members. 

oa;-|-x'=o® — ^2ax-|-x*, 

or 3ax=a', 
a 



**' - 3 
8. Given 3+x*=7. to find the values of x. 
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4. Given (y** — ^6)*=a — d, to find the values of y. 

Ans. y= [ (a— d) ' +i 1 ". 

6. Given v^x — 32=16 — v^x, to find the value ofx. 

Ans. 05=81. 



6. Given (x+a)'^=-5LlE — ^ to find the values ofx, 

(x—a)^ 

Jlns. a:=db(2a*+2a5+6»)K 



7. Given — ^ — = ,to find the values ofx. 

y/x — y^x — 1 X — 1 

If we multiply the numerator and denominator of the 
left-hand member by the numerator, it will become 

X — 1 

Extracting the square root, we find 

d=2 



v/x+ v'x — 1=- 



y/x—l 
This readily gives 

x=|, orx=— i. 

8. Given (x»— 16)i=75 to find x. 



Jlns. 



9. Given (x* — ^7)^=3, to find the values ofx. 

Ans. x=±:2. 



3 



10, Given (x^— 1)*— 49, to find x. 

Ans. x= 
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11, Given :^^f±l=.i££=f , to find x. 



Jins. 



3 6 1 



COMPLETE QUADRATIC EQUATIONS. 

(117.) We have already seen, that 

ax»+6x=c, (A) 

is the most general form of a quadratic equation, where 

a= the coefficient of the first term, 
&= the coefficient of the second term, 
c= the term independent of x. 

If we multiply the general quadratic equation (A) by 
4a, it will become 

4aV+4a6a:i=4ac. (1) 

Adding V^ to both members of (1), it becomes 

4a«x*+4a6x+6«=i«+4ac. (2) 

If we extract the square root of both members of (2), 
we get 2ax+ J=db v^J*+4ac. (3) 

By transposition, (3) gives 

2aas=— 6=b y/¥+4MC. (4) 

Dividing (4) by 2a, we get 



Formula (B) may be regarded as a general solution 
of all complete quadratic equations. 
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If we translate it into common language, we shall ob- 
tain a rule for solving complete quadratics* 

Hence, to find the value of an unknown quantity, wheti 
given by a quadratic equation, we have this 

RULE. 

Haloing reduced the equation to the general form 
ax^'\'hx=^c^ toe can find x, by taking the coefficient of 
the second term with its sign changed^ plus or minus 
the square root of the square of the coefficient of the 
second term increased by four times the coefficient of the 
first term into the term independent of x; and the whole 
divided by twice the coefficient of the first term* 

£3CAMPLE8. 

36— *iic 
1. Given 4x =46, to find the values oix. 

X 

This, when cleared of fractions, becomes 

4a* — 36+x=46a:. 
Transposing and uniting terms, we have 

4x'— 46as=36. 
This compared with the general form 

aar^-|-6a:i=c, 
gives 0=4; 6= — 45; c=36. 

The square of the coefiicient of the second term is 

(_45)»==2026, 
Four times the coefiicient of the first term into the 
term independent of x, is 

4X4x36=676, 
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Therefore, taking the square root of the square of the 
coefficient of the second term increased by four times 
the coefficient of the first term into the term independent 
of a;, we get 

=fc v^2025+576=± >^260i==b61. 

This added to the coefficient of the second term with the 
sign changed 9 gives 

45db51. 

which must be divided by twice fhe coefficient of the 
first term. Hence, 

45±51 

If we take the upper sign, we get 

,-45+51^^, 
o 

If we take the lower sign, we find 

46— 51 _ 3 
*="~8 4* 

g 

Therefore, as=12, or — -. 

Either of which values of a:, will verify the equation. 

2. Given r=9 -—, to find the values of ai. 

X — 4 2 

This, when reduced to the general form, becomes 

q^—l8x=—12. 

Squaring 18, we get 

(18)^=324. 
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Four times the first coefficient multiplied into — 72| 
gives 

4X— 72=— 288, 

which added to 324, gives 36, the square root of which 
is ±6. Therefore 

18i6 
a:= — - — =ix or o. 
2 



3. Given v^3x — 6= ' ■ , to find the values of «. 

X 

Squaring both members, we have 

or 
This, cleared of fractions, becomes 

3a;«— 5a:=7ar+36. 

Transposing and uniting terms, we have 

3x*— 12a:=36. 
This, divided by 3, gives 

ar^— 4x=12. 



^^ ^ 4±v^(4)^+4Xl2 4zfc8_^ ^ 

Therefore, «= >— |-! = -_=6, or —2. 

3 3 27 

This, by reduction, becomes . 

9x'— 7a:=116. 



rrv. r 7db ^7^+4 X 9 X 116 _7±66_, «^ 

Therefore, x= jg- = "is" ^ or— 3f 
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5. Given — ^ ^o^^^^ ^° ^"^ ^^^ values of a?. 

This reduced becomes 

««— 7»=— 12. 



Therefore, x=^^^^'+^X-^^=Z^W or 3 

(118.) An equation of the form 

ax^+baf'=(^ (A) 

can be solved by the above rule, which indeed will agree 
with the form under consideration in the particular case 
ofn=l. 



If, in the above equation, we write y for of, and con- 
sequently y* for z^, it will become 

which is precisely of the form of (A), Art. 117. Con- 
sequently, 



—b±^b^+ 4ac 
^ 2a • 

Resubstituting «» for y, we have 



—b± ^6*+4ac 



2a 

- _ X 



And, jr= \ — i±^y'+4ac ? •• 



(B) 

This Talue of x must hold for all values of the con- 
stants n, o, J, and c, whether positive or negative, inte- 
gral or fractional. 



QUADRATIC £QUATI0N9« 157 

EXAMPLES. 

1. Given x*+fl^*==ij to find x. 

This becomes y^+ay==6, when for ar* we write y. 

Therefore, y=3^-^^«El*=x«. 
Hence, «==i± ) 3«dbv^+46 ( . 

2. Given 3ar^»— 2a:'*=8, to find x. 

6 
Therefore, a?=V2. 



1 



3. Given 2(l+x~a;3)— '/l+a?— x*=— -,tofind x. 
Ifj for 1+x — -x', we put y*, our equation wilf become 

or 18y«— 9y=— 1. ^ 

Therefore, y=?^=l,or|. 

' * 36 3' 6 

Hence, y»=J,ori. 



14 
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Resubstituting l-^-x — x^, for y*, we havey when we 
take the first value of y^^ 

or 9ar* — 9a::=8. 

rp. . 9d=3v/41 1,1 ,.- 1 1 ., 
Therefore, x= ^g =-+-^/41, or -—-^41. 

When we take the other value of y*, we have 

or 36x*— 36a!=36. 

™ e 36±24v^ll 1,1 ,,, 1 l" „ 
Therefore, a;= — =2"*'3^ '"^ 2~3^ 

Collecting these four values of x, we find 



4. Given x* — ^25a:*^ — 144, to find the four values 

of X. 

Let 3^=J/) and the above equation will become 

y«— 25y=— 144,. 
Hence, y=16, or y=9. 

Consequently, «= +4, or —4 ; or else x=+3, or 



6. Given as* — ^7art=8, to find the four values of x. 



I 

J 
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Assume ar^^=y^ and we find, 

y*— 7y=8. 

This solved gives 

y=28, or y= — 1. 

When y==8, we find 

But when y== — 1, we find 

a:=db ^^^. 
These two last values are impossible, 

6. Given 2a>— 7x/3C=99, to find x. 

If we let \/as=y, we shall have 

2y*— 7y=99. 

Hence, y==9, or y= — V • 

If we take 9 for the value of y, we find 

■81. But if we take — V ^r ^^^ ^'^^ °f y» '^^ 



find «='.U 

4 



7. Given 2a:*+^^2ar^+l=ll, to find the four values 
of X. 

Adding 1 to both members of the equation, we have 

2a?+l + ^2^+1=12. 
Assume 2ar*+l==y*, 

and we obtain y*+y=12. 

This gives y=3, or y= — 4. 

Hence we have these two equations, 

2x*+l=9, 

2x*+l=16. 
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The first of these gives 

w=2^ or X =-—2. 

Tbejsecond gives 

x=j/307or x=—i>/W. 

8. Given x* — 8x*=513, to find one of the values of x* 

Jins, X— 3« 

9. Given ap*-f"4^=12, to find two values of x. 

^ns. x==fc>/2. 

(119.) When, in the general form for quadratics a=l, 
the rule under Art. 117, is susceptible of considerable 
modification. 

If we substitute 1 for a in formulas (A) and (B), Art. 
117, they will become 

x2+6x=c. (C) 

Therefore, when the coefficient of x* is a unit, the 
value of X can be found from formula (D). 

All quadratic equations may be put under the form of 
(C), by dividing all the terms by the coefficient of x^, so 
that the expression of (D) for x must be as general as 
that of (B), Art. 117. 

Hence, for the solution of quadratic equations, we have 
this second 
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RULE. 

Having reduced the equation totheformx^'j;-bx=Cy 
we can find x^ by taking half the coefficient of the second 
terniy vnth its sign changed^ plus or minus the square 
root of the square of the half of the coefficient of the 
second teirm<^ increased by the term independent of x, 

EXAMPLES. 

1. Given x' — 10x= — 24, to find x. 

In this example, half the coefficient of the second t«rin 
is 5, which squared and added to — 2i, the term inde- 
pendent of X isl. Extracting the square root of 1, we 
have zfcl. 

Therefore, x==5:il==6, or 4. 

X 7 

2. Given —--—==- , to find x. 

x+60 3x— 5' 

Thisy cleared of fractions, becomes 

3x*--5x=7x+420. 

Transposing and uniting terms, we have 

3x^— 12x=420. 

Dividing by 3, we have 

x*-^x=140. 

Therefore, x=:2d= 12=14, or —10. 

« ^. x+12 , X 26 , £ J 

3. Given — — --- =--, to find x. 

X x+12 6 ' 

^ns. x=3, or — 15. 

4. Given 3x«+42x*=3321, to find x. 

^ins. x=3, or (—41)*. 
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I 



6,. Given x{x — 1) — t-=(^ — ^^){^"I"k)''"^j *^ ^"^ ^' 

^ns. x= — 2y or +3. 



6. Given -— — |-3a;=8 — -, to find x. 

^ns. x=2j or 

7. Given x* — 8x== — 17, to find the values of x. 

^ns. x=^+y^ — 1, or 4 — y^ — 1. 

(120.) Equations containing two or more unknown 

quantities, which involve in their 

solution quadratic equations. 

examples. 

f x+y=10, (1) ) 

1. Given I xy=16^ (2) \^^^^^ ^nd y. 

The square of (1) is 

x*+2xy+y*=100, (3) 

Subtracting 4 times the second from the (3) , we get 

a^—2ty+y^=36. (4) 

The square root of (4) is 

ar— y==fc:6. (5) 

Half the sum of (1) and (6), gives 

x=8, or 2. 
Half the diflFerence of (1) and (5), gives 

y=2, or 8. 

2. Given | Sf ^, [2} | ^° *"^ ' »"•* V- 
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Squaring (1), we have 

ar'+2xy+y^=a\ (3) 

Subtracting (2) from (3), we get 

2xy=a^—b. (4) 

Subtracting (4) from (2), we find 

X*— 2xy+3/'=26— o*. (6) 

Extracting the square root of (5), we get 



X— y=:^v^26— a'. (6) 

Taking half the sum of (1) and (6), we get 

x=|±2v^26=:^«. . (7) 



Subtracting (7) from (1), we find 



a . 1 



x(y+z)=a, (1) ^ 
3. Given ^ y{z-\-x)=b, (2) > to find x, y, and z. 

z{x+y)=c, (3) 5 

If we take the sum of (1), (2), and (3), after expand- 
ing them, we shall have 

2a:y+2xz+2yz=a+5-|-c. (4) 

If we subtract twice (3) from (4), we get 

2xy=a-\-b—c. (6) 
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In a similar manner, by subtracting twice (2) from 
(4), we find 

2xz=a — 4+c. (6) 

Subtracting twice (1) from (4), we find 

2yz=—a+b+c. (7) 

Dividing equations (5), (6), and (7), by 2, we find 

(8) 



xy= 


a+b—c 

' 2 ' 


t*^— 


a^-i-\-c 


ttfA0 • 


2 ' 


4•/^-— 


-a+b+c 


y^"— 


2 



(9) 

(10) 

Taking the continued product of (8), (9), and (10) , we 
have 

Dmding (11), successively by the squares of (10), (9), 
and (8) , we have 

^_ j a+b—c) (a — i+c) „ . 



^aa+h-c)(-a+h+c) 

2{a—b+c) ^ ' 

^ 2(^6=^) • ,(^*) 

EKtracting the square roots of (12), (13), and 14), we 
have 
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{a +b—c) {a—b+ c) { ^' 
2{—a+b—c) 



(15) 



S (a+h-c)(-a+b+c i i ,jgv 



.-^ S {a-b+c){-a+h+c) ( ^ 



2{a+b — c) 



xA — =a,, 
\ y i 
4. Given < > to find x and y. 

X 



(17) 



^«*. ' 2 4 6 






y=2-- 4 « 



6. Given sx^rz:^, /* to find a:, y, and z. 
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(121.) Questions which require for their solution 
a knowledge of quadratic equations. 

1. A widow possessed 13000 dollars, which she di- 
vided into two parts, and placed them at interest, in 
such a manner, that the incomes from them were equal. 
If she had put out the first portion at the same rate as 
the second, she would have drawn for this part 360 
dollars interest ; and if she had placed the second out 
at the same rate as the first, she would have drawn for 
it 490 dollars interest. What were the two rates of in- 
terest 1 

Let X = the rate per cent, of the first part. 
Let y = the rate per cent, of the second pa^it. 

Now, since the incomes of the two parts were equal, 
they must have been to each other reciprocally as x to y. 
Hence, if fMf denote the first part, then will mx denote 
the second part. 

We shall then have 

w(x+y)= 13000. 

n .1 13000 

Consequently, «j= — - — . 

Therefore, -^= the first p«t 

x+y ; 

13000a; . , - 

— ; = the second part. 

x-\-y 

The interest on these parts, at y and x per cent., re- 
spectively, is 

130y* , 130x« 
— -^ and — J — . 
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Hence, by the conditions of the question, we have 

lig^ = 360. (1) 

x+y ' 

H?f!=490. (2) 

Dividing (2) by (1), we get 

y^""36' ^^^ 

Extracting the square root of (3), we have 

x^7 
y~6' 
Subtracting (1) from (2), we have 

Dividing both numerator and denominator, of the left- 
hand member of (5), by x+y, and also dividing both 
members by 130, we get 

x— y=l. (6) 

Dividing (6) by y, we find 



(4) 





(7) 


Subtracting (7) from (4), we have 




1 ^ \ 

y y 


(8) 


Clearing (8) of fractions, we obtain 




6y— 7y— 6 


(9) 


Therefore, y=6. 


(10) 
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Adding (10) and (6) we get x=7. 

Therefore the rate per cent, of the first part was 7^ 
and that of the second part was 6. 

2. A certain capital is on interest at 4 per cent.; if 

we multiply the number of dollars in the capital, by the 

number of dollars in the interest for 5 months, we obtain 

$117041|. What is the capital ? 

Ans. $2650. 

3. There are two numbers, one of which is greater 
than the other by 8, and whose product is 240. What 
numbers are they 7 Ans. 12 and 20. 

4. The sum of two numbers is = a, their product =6. 
What numbers are they % 

^ns. ^ , g . 

6. It is required to find a number such, that if we 
multiply its third part by its fourth, and to the product 
add five times the number required, the sum exceeds the 
number 200 by as much as the number sought is less 
than 280. Ans. 48. 

6. A person being asked his age, answered, ^^My 
mother was 20 years old when I was born, and her age, 
multiplied by mine, exceeds our united ages by 2500.'' 
What was his age ? Ans. 42 years. 

7. Determine Ihe fortunes of three persons, A, B, C, 
from the following data : For every $5 which A pos- 
sesses B has $9, and C $10. Farther, if we multiply 
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A's money (expressed in dollars, and considered merely 
as a number) by B's ; and B's money by C's, and add 
both products to the united fortunes of all three, we shall 
have 8832. How much had each ? 

Jins, A 140, B $72, C $80. 

8. A person buys some pieces of cloth, at equal prices, 
for $60. Had he received three more pieces for the 
same sum, each piece would have cost him $1 less. How 
many pieces did he buy ? Ans, 12 pieces. 

9. Two travellers, A and B, set out at the same time, 
from two dififerent places, C and D ; A, from C to D j 
and B, from D to C. On the way they met, and it then 
appears that A had already gone 30 miles more than B, 
and, according to the rate at which they travel, A cal- 
culates that he can reach the place D in 4 days, and 
that B can arrive at the place C in 9 days. What is 
the distance between C and D ? Ans. 150 miles. 

10. Divide the number 60 into two such parts, that 
their product may be to the sum of their squares, in the 
ratio of 2 to 5. Ans, 20 and 40. 

11. A grazier bought as many sheep as cost him $150, 
and after reserving 15 out of the number, he sold the 
remainder for $135, and gained $^ a head. How many 
sheep did he buy 1 ^ Ana. lb sheep. 

12. What number is that, which, when divided by the 

product of its two digits, the quotient is 3 ^ anfl if 18 

be added to it, the digits will be inverted 1 

Ans. 24. 

15 
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13. T^o partners, A and B, gained $140 by" trade ; 
A'b money was 3 months in trade, and his gain was $60 
less than his stock ; and B's money which was $50 more 
than A's^ was in trade 5 months ; what was A's stock 1 

Am, $100. 

14. It is required to divide the number 24 into two 
such parts, that their product may be equal to 35 times 
their difference. What are the parts ? 

Ans, 10 and 14. 

. 15. A company at a tavern had $60 to pay for their 
reckoning ; but, before the bill was settled, two of them 
left the room, and then those who remained had$l a-piece 
more to pay than before. How many were there in the 
eompany ] Ans, 12. 

16. There are two numbers whose difference is 15, 
and half their product is equal to the cube of the less 
number. What are those numbers T 

Ans, 3 and 18. 

17. A merchant bought a certain number of pieces 

of cloth, for $200, which he sold again at $10^ per piece, 

and gained by the bargain as much as one piece cost him. 

What was the number of pieces % 

Ans. 20 pieces. 

18. A and B together, agree to dig 100 rods of ditch 
for $100. That part o/ the ditch on which A was em- 
ployed was more diflScult of excavation than the part on 
which B was employed. It was therefore agreed that 
A should receive for each rod 25 cents more than B re- 
ceived for each rod which he dug. How many rods 
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must each dig, and at what prices, so that each may re- 
ceive just $50 1 
Answer. 

A must dig s-, r=, rods at — ^^L — dollars per rod. 

B must dig 5-j! r;;rods at— 2I_ dollars per rod. 

Properties of the roots of quadratic eqctations. 

(122.) We have seen that all quadratic equations can 
be reduced to this general form. 

s^'\'ax=b. (1) 

This, when solved by the Rule under Art. 118, gives 



=-|-v^^». 



» 



Therefore the two Values of x are 






(3) 



o' /a>* 



(123.) Now, since ---=l-| is always positive for all 

. real values of a, it follows that the sign of the expres- 

sion 7-+6j depends upon the value of b. 
.4 

(124.) When b is positive, or when b is negative and 

a* a* 

less than —, then will -^+6 be positive, and consequen- 

\/ r-+^ will be real. 
4 
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(125.) When h is negative and numerically greater 

than — , theti —.-h^ wiir be negative, and consequently 
4 4 



sr- 



-|-5 will be imaginary. 

re 



CASE I. 



When \/- +6 is real. 
4 



1. If a is positive, and - is numerically greater than 



^/ — j-5^ then will both values of a: be real and nega-- 

tive, 

2. When a is either positive or negative, and - is nu- 



z be red^ the one positive^ and the other negative. 



M mm ^ 

merically less than \/ — 1-&, then will both values of 



3. When a is negative and ~ is numerically greater 



/a* 
than \/ - — 1-&, then both values of x will be real and 

4 
positive. 

CASE II. 



V^ 



TFAen %/ 2-+6 w imaginaryy 

In this case both values of x are imaginary for all 
values of a. 
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(126.) When b is negative and numerically equal to 

—, then both values of x become = . 

4 2 

(127.) If we add together the two values of Xj we 
have 



If we multiply them, we find 

H+N/F)x(-^vfTl)=-^. 

From which we see, 

That the sum of the roots of the quadratic equaiian 
x^-\'ax=h is equal to — a. 

And the product of the roots is equal to — 5. 

(128.) We have seen that eveiy quadratic equation, 
when solved, gives two values for the unknown quan- 
tity. These values will both satisfy the algebraic con- 
ditions, and sometimes they will both satisfy the particu- 
lar conditions of the problem, but in most cases but one 
value of the unknown is applicable to the problem ; and 
the value to be used must be determined from the nature 
of the question. 

We will illustrate this principle by the solution of 
some particular questions. 

1. Find a number such that its square being sub- 
tracted from five times the number, shall give 6 for re- 
mainder. 
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Let X =^ the number sought. 
Then, by the conditions of the questions, we have 

bx — ^x*=6. (1) 

Changing all the signs of (1), it becomes 

ara— 5x= — 6, (2) 

which, when solred by the rule for quadratics, gives 

x«=^^=3,or2. 

Taking the first value, x=3, we find its square to 
be 9. 

Five times this value of a: is 5 X 3=15. 

And 15-^9=6, therefore the number 3 satisfies the 
question. 

The number 2 will satisfy it equally well, since its 
square =4, which subtracted from five times 2=10, 
gives for the remainder 6. 

2. Find a number such that when added to 6, and the 

sum multiplied by the number, the product will equal 
the number diminished by 6. 

Let x=: the number sought ; then by the conditions of 
the question we have 

(x+6)a:==a: — 6. (1) 

Expanding and collecting terms, we find 

x^+bx=—%. (2) 

This solved gives 

x= ^ = —3, or — 2. 

2 ' 

Here, as in the last question, we find that both values 
of x will satisfy our. question. 



J 
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If we take the first value, x= — 3, we find that the 
number — 3 added to 6 gives 3, which multiplied by 
— ^3 gives — 9; and this is the same as — 3 diminished 
by 6. 

If we take the second value, x= — 2^ we find that the 
number — 2 added to 6 gives 4, which multiplied by — 2 
gives — S ; and this is the same as — 2 diminished by 6. 

3. Find a number which subtracted from its square 
shall give 6 for remainder. 

Let X =. the number, then we have 

X* — ^x=6. 
This gives 

x= =3* or — 2. 

2 ' 

If we take 3 for the number, its square is 9, from 
which subtracting 3, we have 6. 

Again, taking — 2 for the number, its square is 4, from 
which subtracting — 2j we have 6. 

So that both values of x satisfy the conditions of the 
question. 

(129.) We will now add a couple of examples for the 
purpose of illustrating the case in which the roots are 

imaginary. 

1. Find two numbers, whose sum is 8, and whose pro- 
duct is 17. 

Let x= the less number, then will 8 — ^a:= the greater 

number. 

The product is (8 — x)x=Sx—r^j which by the condi- 
tions of the question, is 17. 
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Therefore, we have this equation of coniUiion, 

x*— 8x=— 17. 

This, solved by the usual rules for quadratics, gives 
a;=4db'^ — 1, for the less number, 



and 8 — (4i: ^^ — 1)=4=F ^ — 1, for the greater number. 
Therefore, the numbers are < , 

both of which are imaginary ; we are therefore authorized 
to conclude that it is impossible to find two numbers 
whose sum is 8, and product 17. 

We may also satisfy ourselves of this as follows : 
Since the sum of two numbers is 8, they must average 
just 4, hence the greater must exceed 4 just as much as 
the less falls short of 4. TherefoTre, any two numbers 
whose sum is 8, may be represented by 

4 — X. 
Taking their product, we have 

(4+x)(4— a:)=16— <r«. 

Now, since z' is positive for all real values of x, it 
follows that the product 16 — x^ is always less than 16 ; 
that is, no two real numbers whose sfim is 8, can be found 
such that their product can equal 17. 

If we put the expression for the product, which we 
have just found equal to 17, we shall have 



Consequently 9 a:=di ^ — 1 . 
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And, 4+a:=4±'v^-^l ) 

. . \/ZIT i *^® ^^^ values as found by the 

first method. 

These values, although they are imaginary, will satisfy 
the algebraic conditions of the question ; that is, their 
sum is 



(4db ^^— 1)+(4=F ^^— 1) =8, 
and their product is 

(4db >^=r) X (4=F v^=l)=17. 

2. Find two numbers whose sum is 2, and sun^ of 
their reciprocals 1* 

Denoting the numbers by x and y, we have the fol-* 
lowing relations : 

. 1+1=1. <'^ 

X y J 
These, solved by the ordinary rules, give 

Both these values are imaginary, consequently the con- 
ditions of the question are absurd. 

We may also show the impossibility of this, question 
as follows : The sum being 2, the numbers may be de- 
noted by 

1 — X. y 
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taking the sum of their recipro<^aIS) we hare 



l-^-X 1 — X 

vhich, when reduced to a common denominator, be- 
comes 



1— x«. 

The denominator of this expression being always less 
than 1, for all real values of ar, the expression must ex- 
ceed 2. Therefore, it is impossible to find two numbers 
whose sums shall equal 2, and the sum of their recipro- 
cals equal 1. 

(130.) From what has been said, we conclude that, 
when in the course of the solution of an algebraic prob- 
lem, we fall upon imaginary quantities, there must b« 
conditions in the problem which are incompatible. 
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CHAPTER VJ. 

RATIO AND PROGRESSION. 

(131.) By Ratio of two quantities, we mean their re- 
lation- When we compare quantities by seeing how 
much greater one is than another, we obtain arithmetical 
ratio. Thus, the arithmetical ratio of 6 to 4 is 2, since 
6 exceeds 4 by 2 ^ in the same way the arithmetical ratio 
of 11 to 7 is 4. 

In the relation a — c=r^ (1) 

r is the arithmetical ratio of a to c. 

The first of the two terms which are compared is 
called the antecedent; the second is called the consequent* 
Thus referring to (1), we have 

a = antecedent, ?^^ 

c = consequent, 

r = ratio. 

From (1), we get by transposition 

a=C'\'r^ (2) 

cz=a — r. (3) 

Equation (2) shows, that in an arithmetical ratio the 
antecedent is equal to the consequent increased by the 
ratio. 

Equation (3) in like manner shows, that the consequent 
is equal to the antecedent diminished by the ratio. 
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(132.) When the arithmetical ratio of any two terms 
is the same as the ratio of any other two terms, the four 
terms together form an arithmetical proportion. 

Thus if a — c=^r; and a' — c'=r^ then will 

a — c=a' — c', (4) 

which relation is an arithmetical proportion, and is read 

thus : a is as much greater than c^as a' is greater than c'. i 

Of the four quantities constituting an arithmetical pro- 
portion, the first and fourth are called the extremts^ the ' 
second and third are called the means. 

The first and second, together, constitute the^^^ 
couplet; the third and fourth constitute the second coup- 
let. 

From equation (4), we get by transposing 

a+c'=a'+c, (5) 

which shows, that the sum of the extremes^ of an arith- 
metical proportion^ is equal to the sum of the means. 

If c=a'j then (4) becomes 

a — a'=a'—^c'^ (6) 

which changes (5) into 

a+c's=2a'. (7) 

So that if three terms constitute an arithmetical pro- 
*' portion^ the sum of the extremes will equal twice the 
mean. 

(133.) A series of quantities which increase or de- 
crease by a constant difference form an arithmetical pro- 
gression. When the series is increasing, it is called an 
ascending progression ; when decreasing, it is called a 
descending progression. 
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Thus, of the two series 

1,3,5,7,9, 11, &c. (8) 

27, 23, 19, 15, 11, 7, &c. (9) 

The first is an ascending progression, whose ratio or 
common difference is 2 ; the second is a descending pro- 
gression, whose common difference is 4. 

(134.) If a= the first term of an ascending arithmet- 
ical progression, whose common difference =4, the suc- 
cessive terms will be 

a=first term, 
o-(-d=second term, 
a4-2d=third term, 
a+3d=fourth term, > (10) 



<»+(w — l)d==nth term. 

If we denote the last or nth term by /, we shall have 

l=a+{n—\)d. (11^ 
From (11) we readily deduce * 

a=/— (n— l)d, (12) 
I— a 

i <* . ^ 

When the progression is descending, we must write 
— d for d in the above formulas. 

Suppose, in an arithmetical progression, « to be a 
16 
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term, which is preceded by q terms ; and y to be a term 
which is followed by q terms; then by using (11) we 
have 

a;==a+9d,.'. (15) 

y=l—qd: (16) 

Taking the sum of (15) and (16), we get 

a;-|-3/=a+/^ (17) 

That isj the sum of any two terms equi-distant from 
the extremes is equal to the sum of the extremesj so 
that the terms will average half the sum of the ex- 
tremes ; consequently, the sura of all the terms equals 
half the sum of the extremes multiplied by the number 
of terms. 

Representing the sum of n terms by iy, we have 

,=«-±.'x». (18) 

From (18), we easily obtain 

a=-— /. (19) 

n 

1=^-^. (20) 

n 

Any three of the quantities 

o=first term, 
(£=common difference, 
n=number of terms, 
/=last term, 
^==sum of all the terms, 
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being given , the remaining two can be found, which 
must give rise to 20 diflFerent formulas, as given in the 
following table for Arithmetical Progression. 

(135.) We have not deemed it necessary to exhibit 
the particular process of finding each distinct formula of 
.the following table, since they were all derived from the 
two fundamental ones (11) and (18), by the usual opera- 
tions of equations not exceeding the second degree. 






No. 



1 
2 



5 
6 

7 
^8 



10 

11 
12 



Given. 



Kequi< 
red. 



a, (2, S 

a, rij s 
(2, n, s 



a, d, I 

a, n^ I 
d, n, / 



a, n, / 

a, n, s 

a, /, s 
n, /, s 



I 



Formulas. 



l=a-\-{n—l)d 



iddbv^2cf^+(a— Jdy 



2^ 



/= a 



1= 



n 

s (n — l)d . 

n 2 



s- 
s- 



47i[2a+(n— l)dj 
!+a {l+a){l—a) 

'' 2 '^ 2d 

=in(a+/) 

z^n[2l—{n--l)d] 



d= 



/ — a 



71- 



d= 



2s — ^2a7i 



n{n — 1) 
^_ (/+a)(/— g ) 
2s — / — a 
2nl—2s 



d= 



'n{n — 1) 
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Table Continued* 



ns 



No. 
13 

14 

15 
16 



17 
18 
19 



Given. 



a^ d. s 

dy /, s 
dj n, / 

d^ n, s 

d, /j s 



20 jWj /, .? 



Requi- 
red. 



n 



Formulas. 






2d ^ dT\ 2d / 



2s 



n- 



n-. 



l-\-a 
2d ^^ \ 2d I 



2s 



d 



a=:l^—{n — l)d 
• s (n — l)d 



n 



n 



Jd±V(/-f-Jd)«— 2d« 



n 



I 



EXAMPLES. 

1. The first term of an arithmetical progression is 7, 
the common difference is J, and the number of terms is 
16. What is the last term 1 

To solve this we take formula 1 from our table, which 

is 

l=a +(71 — l)d. 

Substituting the above given values for a, d, and w, we 

find 

/=7+J(16— l)=10l. 

2. The first term of an arithmetical progression is |, 
the common difference is |, and the last term is 3f. 
What is the number of terms 1 
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In this example we take formula 13. 
which in this present case becomes 

Q7 3 

1 ' 

3. One hundred stones being placed on the ground in 
a straight line, at the distance of 2 yards from each 
other, how far will a person travel who shall bring them 
one by one to a basket, placed at 2 yards from the first 
stone? 

In this efxample a=4 ; (f=4 ; n==:100, which values 
being substituted in formula 6, give 

^=60(8+99 X4)=20200 yards, 
which, divided by 1760, the number of yards in one mile, 
we get 

*=11 miles, 840 yards. 

4. What is the sum of n terms of the progression 

1, •>, o, I y, • • • • s 

Ans, s=n^, 

5. What is the sum of n terms of the progression 

1, <^, «5, 4, O, '••••$ 

6. A man buys 10 sheep, giving $1 for the first, $3 
for the second, $5 for the third, and so increasing in 
arithmetical progression. What will the last sheep cost 
at that rate ? By formula 1. Arts. $19. 
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7. A person travels 25 days, going 11 miles the first 
day, and 135 the last day ; the miles which he travelled 
in the successive days form an arithmetical progression. 
How far did he go in the 25 days 1 

By formula 7. Ans^, 1825 miles 

8. A note becomes due in annual instalments, which 
are in arithmetical progression, whose common difference 
is 3 ; the first payment is 7 dollars, the last payment is 
49 dollars. What is the number of instalments ? 

By formula 13. Ans, 15. 

9. In a triangular field of corn, the number of hills in 
the successive rows are in arithmetical progression : in 
the first row there is but one hill, in the last row there 
are 81 hills ; and the whole number of hills in the field 
is 1681. How many rows are there? 

By formula 15. ^ns, 41. 

GEOMETRICAL RATIO. 

(136.) When we compare quantities by seeing how 
many times greater one is than another, we obtain geo- 
metrical ratio. Thus, the geometrical ratio of 8 to 4 is 
2, since 8 is 2 times as great as 4. Again, the geome- 
trical ratio of 15 to 3 is 5. 

In the relation, -=^> (1) 

r is the geometrical ratio of a to c. 

As in arithmetical ratio 

a=antecedent. 
c=conseque9it. 
r=ratio. 
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V 

From (1), we get by reduction 

a=cr^ (2) 

c=?. (3) 

T 

Equation (2) shows, that in a geometrical ratio the 
antecedent is equal to the consequent multiplied hy the 
ratio. 

Equation (3) shows, that the consequent is equal to 
the antecedent divided by the ratio, 

(137.) When the geometrical ratio of any two terms 
is the same as the ratio of any Qther two terms, the four 
terms together form a geometrical proportion. 

a , a' 



Thus, if -=r; and —,=r. then will 



a a' 



(4) 



which relation is a geometrical proportion, and is gene- 
rally written thus : 

a : c : : a' : c'y (5) 

which is read as follows : a is to c, as a' is to c'. 

Of the four quantities which constitute a geometrical 
proportion, as in arithmetical proportion, the first and 
fourth are called the extremes^ the second aiid third are 
called the means. 

The first and second constitute the^^^ couplet ; the 
third and fourth constitute the second couplet. 
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From equation (5), or its equivalent (4), we find 

adz=,a^c^ (6) 

which shows, that the product of the extremes^ of a geo- 

raetrical proportion^ is equal to the product of the 
fneo/ns. 

If c=a^j then (5) becomes 

a : a' : : a' : c', (7) 

which changes (6) into 

ac'=:a'^ (8) 

so that J if three terms constitute a geometrical propor- 
tion^ the product of the extremes will equal the square 
of the mean. 

(138.) Quantities are said to be in proportion hy in- 
version^ or inversely^ when the consequents are taken as 
antecedents, and the antecedents as consequents. 

From (6) , op its equivalent (4), which is 



a a' 

c~c" 

we have by inverting both terms 



(9) 



a a' 



Therefore, by Art. 137, 

c : a : : c' : a'. 

Which shows J that if four quantities are in proportion^ 
they will he in proportion by inversion. 

(139.) Quantities are in proportion by altemationj or 
alternately J when the antecedents form one of the coup- 
lets, and the consequents form the other. 
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s 

Resuming (4), 

(11) 



a a' 



c d 

c 
Multiplying both terms of (11) by -, it will become 

. a 

a c • 

Therefore, by Art. 137, 

a . a! \ \ c : c'. (12) 

Which shows^ that if four quantities are in proportiofi 
they will be so by alternation, 

(140.) Quantities are in proportion by composition^ 
when the sum of the antecedent and consequent is com- 
pared either with antecedent or consequent. 



Resuming (4), 

--4- (13) 



c c 

I 

If to (13), we add the terms of the following equation, 

c c' 

-=--, each of whose member^ is equal to unity, we hare 

c c 

a+c a^-^-c' 

"T" — ?~" 

Therefore, by Art. 137, 

a+c : c : -: o'+c' : c'. (14) 

Which shawsy that if four quantities are in proportion^ 
they will be so by composition. 
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(141 ) Quantities are said to be in proportion by 
division^ when the difference ofthe antecedent and coa- 
sequent is compared with either antecedent or conse- 
quent. 

c c' 
If we subtract the equation -=-7, each member of 

c c 

which is equal to 1, from equation (4), we find 

. - (15) 



a — c a' — c' 



c c 

Therefore, by Art. 137, we have 

a — c : c : : a' — c' : c'. (16) 

Which showsy that if four quantities are in proportion 
they will he so by division. 

Equation (4) is 



a a' 

— — — -. 
c c 



Raising each member to the nth power we have 



a* a'" 



Therefore, by Art. 137, we have 

a* :' c» : : a'» : c'». (16) 

Which showsy that if four quantities are in proportion, 
like powers or roots of these quantities will also he in 
proportion. 

If we have a i c i : a' \ d. 



a I c \ I a" I c"j 



&.C. &c. 



arc:: a'^' : c , 



(17) 
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We have by alternation 



a : a' : : c : c\ 
a : a" : : c : c", 
a : a'" : : c : c'"y 



&c. &c. 
Therefore, by inversion, Art. 138, we have 



a'_ 


=i'' 


a 


C 


«"_ 




a 


c 


a"'. 


_c'" 



(18) 



&c., &c. 
a c 



We also have 

- a c 

Taking the sum of equations (18), we have 

a+a'+a"+a'"+8ic ,_^ c+c'+c"+c"'+8cc. (19) 

a c 

Therefore, we have 

H%icA shows ^ that if any number of quantities are pro^ 
porfional^ the sum of all the antecedents mil be to any 
one antecedent^ as the sum of all the consequ/ents is to its 
corresponding consequent, 

(142.) If we>ave 

a : c : : a' : c'f 

a" : c" : : a'" : c'", 
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then wft find 



a 


a' 


c 


'?' 


a" 


a"' 


c"' 


~c"'- 



(21) 



(22) 

Multiplying together the equations (21) and (22), we 
have 

aXa'' _ a'Xa''' ,^. 

cxc'' c'Xc'''' ^^ 

Therefore, by Art. 137, we have 

aXa" : cXc" : : a'Xa'" : c'xc"'. (24.) 

W%icA shows^ that if there be two sets of proportional 
quantities^ the products of the corresponding terms will 
be proportional. 

(143.) A series of quantities which increase or de- 
crease by a constant multiplier, forms a geom^rical pro- 
gression. When the series is increasing, that is, when 
the constant multiplier exceeds a unit, it is cafled an asr 
cending progression; when decreasing, or when the con- 
stant multiplier is less than a unit, then it is called ^^de- 
scending progression. 

Thus, of the two series, 

1, 3, 9, 27, 81, 243, &c, (26) 

256, 128, 64, 32, 16, 8, &c. (26) 

the first is an ascending progression, whose constant mul- 
tiplier or ratio is 3 ; the second is a descending pro- 
gression, whose ratio is -J. ^ ^ 



j 
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(144.) If a is the first term of a geometrical progres- 
sion, whose ratio =r, the successive terms will be 

a=first term, 
ar=second term, 

ar*=third tetm, 

ar'=fourth term, > (27) 



ar*~*=nth term. 

If we denote the last or nth term by /, we shall have 

Iz^zar"*-^. (28) 

If we represent the sum of n terms of a geometrical pro* 
gression by «, we shall have 

. ^=a-|-ar+ar^+ar'+ .... ■^ar^^'^'^'ai**^^. (29) 

Multiplying all the terms of (29) by the ratio r, we 
have 

r*=ar+ar'+fl^*+fl^*+ • • • • +ar'^*+flr*. (30) 
Subtracting (29) from (30), we get 

{r-\)s=a{r-iy (31.) 

Therefore, 



mi- 



(32) 



Any three of the quantities 

a=:first term, 
r=ratio, 

n=:4iumber of term8| 
/=last term, 
«=sum of all the terms ^ 
17 
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being given, the remaining two can be found, which as 
in arithmetical progression, must giTC rise to 20 differ- 
ent formulas, as given in the following table for Geo- 
metrical Progression. 



No. 



1 
2 



6 
6 



Oiyen. 



a, r, n 
a, r, s 



a, n, s 



^,n,* 



Requi< 
red. 



Formulas. 



8 



a,r,n 



a,r,l 
a, 71, / 



r,»,/ 



10 

11 
12 



»w 



r,n,/ 



r,n,s 

r,l,t 
n, 2, a 



I 






r 

in — J 



l(^s—l)^^—a{s—ay 
~ r»— 1 



8 



_a(r*— 1) 



r— 1 



rl 



s= 



r—1 

n 



f(r^— 1) 
'(r — 1) r^* 



/ 



_(r— 1)5 



r»— 1 
a=r/ — (r — 1)^ 
a(5— g)*^^— /(j— /) 



— »=0 
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TtAlt Continued. 



No. 



13 

14 
15 
16 



17 
18 
19 
20 



Giyen. 



a, n, / 



a 



a 



n 



a 



a 



a 



n. s 



ly 8 

1,3 



rys 

ly S 
ly S 



Requi- 
red. 



n 



Formulas. 



H^)"^' 



r» r+ =0 

a a 



s—l 
s 



^n— 1 



S 1 



H-L=o 



^ _log/— logo 

logr 
^log[a+(r — 1)5] — log a 



logr 
log / — log a 



+1 



log(5— a)— logfy— /) 
^_ log /—log \rl—{r—l)s'\ 

log r 



+1 



(145.) All the formulas of the above table are easily 
drawn from the conditions of (28) and (32), which con- 
ditions correspond with formulas (1) and (5), except the 
last four which involve logarithms. 

EXAMPLES. 

1. The first term of a geometrical progression is 6, 
the ratio 4, the number of terms is 9. What is the last 
term? 

Formula (1), which is /=ar'*~*, gives 

/=:6X 48=327680. 

2. The first term of a geometrical progression is 4, 
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the ratio is 3, the number of terms is 10. What is the 
sum of all the terms 1 

Formula (5), which is s='^ — — , gives 

,=li5lIz:D=l 18096. 
2 

3. The last term of a geometrical progression is 
106} f I, the ratio is f, the number of terms 8. What 
is the first term t 

Formula (9), which is a= — ---, gives 



"— (IF *• 



(146.) When the progression is descending, the ratio 
is less than one, and if we suppose the series extended 
to an infinite number of terms, the last term may be 
taken /=0, which causes formula 6 to become 

*=i4;, (33) 

Which shows that the sum of an infinite number of terms 
of a descending geometrical progression is equal to its 
first termj divided by one diminished by the ratio, 

EXAMPLES. 

1. What is the sum of the infinite progression 

i+i+i+f+TV+&c.'? 

In this example a=l, r=^, and (33) becomes 



1— * 
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2. What is the value of 0.33333 &c., or which is the 
same thing, of the infinite series A+rJa+TU^o"!" &c- *? 

Here a=^j\yr=j\^dind {33) gives 

3 
e T<f 3 I 

^—TZn ' 8' 

^ Tff 

3. What is the value of 0.12121212 &c., or which is 
the same, of tV?i4 — ^ — I 1^ |-&c 1 

In this example 0=1^0) ^=TOff> and (33) gives 

e 100 2.t * 



1 



9 8 3 3 



100 

4. What is the sum of the infinite series 



I+J+J+1V+TV+&C.I 



^ns. f. 



5. What is the sum of the infinite series 

6. A person sowed a peck of wheat, and used the whole 
crop for seed the following "year ; the produce of the 2d 
year again for seed the 3d year, and so on. If, in the 
last year his crop is 1048576 pecks, how many pecks 
did he raise in all, allowing the increase to have been in 
a four-fold ratio ? 

By formula 6. ^n$. 1398101 pecks. 

7. A king in India, named Sheran, wished, according 
to the Arabic author Asephad, that Sessa, the inventor 
of chess, should himself choose a reward. He request- 
ed the grains of wheat, which arise, when 1 is calcula- 
ted for the first square of the board, 2 for the second 
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square, 4 for the third, and so on ; reckoning for each of 
the 64 squares of the hoard, twice as many grains as for 
the preceding. When it was calculated, to the aston- 
khment^of the king, it was found to be an enormous 
number. What was it ? By formula 5. 

Ms. 18446744073709551615 grains. 

BARMONICAL PROPORTION 

(147.) Three quantities are inharmonical proportion, 
when the first has the same ratio to the third, as the dif- 
ference between the first and second has to the difference 
between the second and third. 

Four quantities are in harmonical proportion, when 
the first has the same ratio to the fourth, as the differ- 
ence between the first and second has to the difference 
between the third and fourth. 

Thus, if 

a : c : : a — b : b — c, (2) 

then will the three quantities a, 5, c be in harmonical 
proportion. If 

aid:: a — b : c — d, (2) 

then also will the four quantities a, ft, c, and d be in har- 
monical proportion. 

Multiplying means and extremes of (1), we have 

cft-^c=ac — be J (3) 

which by transposition becomes 

ab+bc^=2ac. (4) 
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In a similar way equation (2) gives 

aC'\'bd=2ad. (5) 

Suppose a J &, c, d, «, &c., to be in harmonica! progres- 
sion 5 then from (4) we have 

ic+ai=2ac 
cd+hc=2bd 

de+cd=2ce ^ (^) 

&c. 

Dividing the first of (6) by ahc^ the second by bcd^ and 
the third by cde^ &c., we Snd 

a c b 

1.1_2\ 

b'^d~~c^ (7) 



c e d 
&c. 



From which we see that -, -, -, 3, -,&c.«areinarith.- 

a b c d e 

metical progression. 

HencBj the reciprocals of any number of terms in 
harmonical progression^ are in arithmetical progres- 
sion ; and conversely the reciprocals of the terms of any 
arithmetical progression must be in harm^mical progres- 
sion. 

The reciprocals of the arithmetical series I9 2, 3, 4, 
5j 6, are ij |, |, I, j, j, whose numerators, when redu- 
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ced to a common denominator, are 60, 30) 20, 15, 12, 
10, -which by the above property^ must be in harmonica! 
progression. 

If six musical strings of equal tension and thickness, 
have their lengths in proportion to the above numbers, 
they will, when sounded together, produce more perfect 
harmony than could be produced by strings of different 
lengths ; and hence we see the propriety of calling this 
kind of relation, harmonical or musical proportion. 
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CHAPTER VII. 

PROBLEMS GENERALIZED. 

(148.) Thus far, in most cases, vre have made use of 
numerical values to represent the known quantities. 
Now it is obvious that if we use letters to represent 
these known quantities, our operations will be general, 
and of course applicable to all questions involving simi- 
lar conditions. 

Under this point of view, we see that Algebra fur- 
nishes us with concise and easy methods for determining 
general propositions and rules of operation. 

To illustrate this, we will deduce some propositions 
involving two unknown quantities x and y. 

Putting 5=their sum, and d=their difference^ we 
have 

«+y=9' (0 

X — y=d. (2) 

Adding (2) to (1), we get 

2x=^+d. (3) 

Subtracting (2) from (1), we get 

2y=^—d. (4) 

Dividing each member of (3) and (4) by 2, we obtain 

'X- or aJ=*- 4-—= greater number* 
2 ' 2^2 ^ 
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8 — d s d . , 

, or y—-^ — —=less number. 



2 ' "22 

Translating these results into common language, we haye 
the following 

PROPOSITION. 

Half the difference of two quantities^ added to half 
their swn,^ is equal to the greater. 

Half the difference of two quantities ^ subtracted from 
half their sum^ in equdl to the less. 

Again, if we take the squares of (1) and (2), we shall 
have 

x^+2xy+y'=^\ (5) 

x^—2xy+y^=d\ (6) 

Subtracting (6) from (6), we find 

4txy=s^ — cP. 
This result translated into common language gives this 

PROPOSITION. 

Four times the product of any two numbersy is equal 
to the square of their sum^ diminished by the square of 
their difference. 

Again, equations (5) and (6) by transposition give 

x«-}-y«=r^— 2«y, (7) 

x^+y^d^+ary. (8) 

Equations (7) and (8) are equivalent respectively to 
t£ese two 
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PROPOSITIONS, 

I, The sum of the squares of two quantities j is equal 
to the square of their sum^ diminished by twice their 
product, 

IL Ihe sum of the squares of two quantities^ is equal 
to the square of their difference^ increased by twice their 
product. 

Equations (5) and (6), when translated, yield these 
two 

PROPOSITIONS. 

I. The square of the sum of two quantities is equiva-- 
lent to the square of the greater^ plus twice the product 
of bothj plus the square of the less. 

II. The square of the difference of two quantities is 
equivalent to the square of the^ gr eater j minus twice the 
product of both, plus the square of the less, 

(149.) From this we conclude that equations are only 
concise expressions for general propositions. 

EXAMPLES. 

1. Divide the number a into two such parts, that the 
first shall be to the second as m to n. 

AM Of* J 

Let > represent the two parts, which are obvious- 
ly in the ratio of m to n. 
Hence we have this condition, 

Dividing both members by {m+n)j we find 

a 
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Therefore, mx= — ; — = — r-- «- 

na n 

a. 



2. Divide the numher a into three parts, which shall 
be to each other respectively as m, n, and p. 

Assume, nx > for the parts. 
pr) 

Taking the sum, we have 

a 
and ^= — ; — ; — . 

Consequently, 

ma m 

na ^ v> 
fi x ■ — , y~ : — Xfl* 



na 


n 


m+n-{'p 


OT+n+p 


pa ^_ 


P 



px^ * =i= £ X a. 

m-^-n-^-p m+n+p 

From these examples we readily discover how to pro- 
ceed for a greater number of parts. 

(150.) The above leads to th)e following example. 

3. To iHvide a number into three parts which shall 
De to each other in the ratio of three numbers* 



J»R0B3uEMS GEl^ERALIZED. 205 

RULE. 

Form three fractions having for their numerators the 
respective numbers^ and a common denominator equal to 
their sum. These fractions multiplied by the given num- 
ber will give the respective parts sought. 

As an example, let us solve this question : 

4. A, B, and C, enter into partnership. A furnished 
$180, B $240, »nd C $480. They gained $300. What 
is each one's part of the gain 1 

180+240+480=900=:the common denominator. 

180^, 

900""' 

240 ( equal to the fractional parts of the gain 

900 ^^ ^ which each receives, 

480_, 
900 ^^ 
Hence, A must have J X$300=r= $60, 

B " " T*7 X$300= $80, 

C " " TT X$300==$160. 

$300 verification. 

From this we discover that these general solutions 
lead immediately to the arithmetical rule for Fellow- 
ship. 

(151.) We will now proceed to show how easy a 
thing it is to deduce the usual rules of simple interest 
by means of algebraic operations. 
18 
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In our operations we shall use the following notation: 

p=the principal. 

r=the rate per cent., or the interest of $1 for one 
year. 

»==the number of years the principal is on interest. 
a=the amount. 

Then it is obvious that we shall have 

rp=the interest of $p for one year at r per cent. (1) 
nrp=ihe interest of $p for n years at r per cent. (2) 

Hence we have this condition, 

p-}-nrp=a. (3) 

Dividing both members of (3) by l+nr, and we have 

Equation (3) also readily gives 

r="-=?, (6) 

np - 

«=?=?. (6) 

tp 

Remark. — When the time is not an even number of 
years, we must reduce the months and days, if any, to 
the proper fractional part of a year. Thus, 3 years and 
3 months, is the same as 3| years. 3 years 3 months 
and 3 days, is the same as (3+i+Tiir)=3yVV years. 
And so on for other fractional parts of a year. 

The rate per cent, is always a decimal. 
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Thus at 3 per cent, r becomes 0.03, 

" 4 " « " 0.04, 

« 5 « « " 0.05, 

" 6 " « « 0.06, 

« 7 « " « 0.07. 

We will now translate these equations. 

EQUATION (1). 

Tht interest of a given sum for one year is equal to 
the principal multiplied by the rate per cent. 

EQUATION (2). 

The interest of a given sum for any given time is 
equal to the interest for one year multiplied by the num- 
ber^ of years, 

EQUATION (3) . 

The amount of a given sum for a given time at a 
given rate per cent, is equal to the interest added to the 
principal. 

EQUATION (4). 

The principal is equal to the amount divided by the 
amount of$l for the same time and at the same rate per 
cent, 

EQUATION (5). 

The rate per cent, is equal to the interest of the given 
principal for the given time and the rate per cent.^ divi* 
dfid by the interest of the same principal for the same 
time at one per cent. 
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EQUATION (6)i 

The number of year^ is equal to the interest of the 
given principal for the given time and rate per cent., di- 
vided by the interest of the same principal at the same 
rate per cent, for one year. 

5. A cistern can be filled by three pipes ; the first can 
fill it in a hours, the second in b hours, the third in C 
hours. In what time will the cistern be filled when all 
three pipes are open at once 1 

Let a^=the time sought. 

Now since the first can fill it in a hours^ it can fill 4 
part in one hour. 

In the same way we see that the second can fill ^part 
in one hour. 

The third can fill J part in one hour. 

All together will fill (i+6 +i) part in one hour. 
But by supposition they can all fill J part in one hour. 
Hence, we have this conditio^, 

i+i+i-=i. (1) 

Clearing of fractions we get 

bcX'\'acX'{-ahx=^bc. (2) 

And x= . _^^\ , . (3) 

bc-^ac-^ab ' 

Translating this expression, it becomes, 

Divide the continued product of the respective times 
which each alone requires^ by the sum of their products 
taken two at a time. 
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Remark. — If one of the pipes, the first for example, 
instead of assisting the others to fill the cistern, was 
constantly drawing oflF from it^ then all that would be 
necessary to do, so that formula (3) should be true, 
would be to change the sign of a. Making this change 
in (3), we get 

-^abc ahc 

be — ac — ab ac-^-ab — be 

This expression may under certain cases become ne- 
ative. When ae-^ab is greater than 6c, the value will 
be positive. But when ac+a6 is less than 6c, it is ne- 
gative. And should ac+a6 be equal to 6c, then this ex- 
pression will become infinite. These conditions may be 
expressed more concisely as follows : 

6c 
When a> , . , the value of a; is positive. 

6+c 

6c 
" <*<r-: — , the value of X is ncflfa^ivc. 

6c 
*^ a=£ — , the value of X is in/&wYc. 
6-|-c 

We will add one more example, which will be useful 
to illustrate the negative sign. 

6. A's age is a years, B's age is b years. When will 
be twice as old as B 1 

Let x== the time sought. 

At the end of x years, 

A will be a+x years old. 

B will be 6+a; years old. 
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Hence, we must have this condition, 

a+x=2(6+x). (1) 

This reduced gives 

x=a—2h. (2) ' 

From this we see that A's age must, at this present 
time, exceed twice B's age, in order that x may be posi- 
tive. 

If A's age is now less than twice B's age, then x will 
be negative, and the time sought is not future, but past 
time. 

As an illustration, suppose A is now 30 years old, and 
B is ten years old. In this case, 

a:=a— 26=30— 20= 10, 

which shows that 10 years from now A will be twice as 
old as B. 

If A is now 30 years old, and B is 20 years old, then 

a:=(t— 26=30-^0==— 10, 

which shows that 10 years ago A was twice as old as B 
was then. 

ELIMINATION BY INDETERMINATE MULTIPLIERS. 

(152.) Suppose we wish to£nd a; and y from the equa- 
tions 

2j:+33/t=13, (1) 

6a:+4y=22. (2) 

Multiplying (1) by m, we find 

2ma:+3my=l3f». (3) 



L 



INDETERMINATE MULTIPLIERS. 211 

Adding (2) and (3), we have 

(2m+5)x+(3m+4)y=13m+22. (4) 

Now, assume 377i+4=0, which gives 

m=-|. (5) 

This value of m causes equation (4) to become 

13m-|-22 
2m+5 

Again, if we had assumed 2m+5=0, which would have 
given 

m=-f, (7) 

then equation (4) would have become 

13m+22 « fo\ 

y=z ! =3. (8) 

Now, returning to our former equations, we will subtract 
(2) from (3), we thus obtain 

{2m—6)x+{3m—4:)y=l3m—22. (9) 
Assume 3m — 4=0, which gives 

m=f (10) 

This value of m causes (9) to beoome 



2m — 5 
Again, assume 2m — 5=0, which gives 

wi=f, 
this causes (9) to become 



__^ 13m~-22 . 

^ 3m-4 -^- ^^^^ 
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These values of x and y are the same as just found. 

It is evident that had we multiplied (2) by m and then 
added, or subtracted the result from (1), we should then 
have found, in a similar manner, the same values for x 
andy. 

(163.) We will now apply this method to the two 
literal equations, 

X^+Y^y=A2. (2) 

In these equations the capital letters are supposed to 
be known, and their subscript numerals indicate the 
equation to which they belong. Thus, 

Xi is the coefficient of x in the second equation. 
Yi is the coefficient of y in the first equation. 

^8 is the absolute term, or the term independent of x 
and y in the second equation. 

Returning to our equations, we will multiply (1) by 
m and add the result to (2), we thus obtain 

{Xim+X2)x+{ Yim+ Y2)y=Am+^2. (3) 

Now, assume Fim+FsF=0, which gives 

m=-5. (4) 

This causes (3) to become 

which gives immediately 

^im-f-^a •^i Yi — ^2 Yi ,^ 

Xiin'\'X2 X1Y2 — X2Y1 
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Assume Xim-f-XsF=0, which gives 
This value of m causes (3) to become 
Henc(?9 the values of x an J y are 

_^ «^i ^2 — ^>>^2 ^1 

^il2 — X^Yi' 

These values of x and y may be considered as com- 
prising the solution of all simple equations combining 
only two unknown quantities. If we wish to adapt this 
general solution to the equations 

2x+3y=l3^ 
5x+4y=22 ; 

we must call 

^1=13 ; Jlff=22. 

Yi=3; 72=4. 

These values substituted in (9), give 

x=2; y=3. 

(154.) As a still farther illustration of the method of 
elimination by means of indeterminate multipliers, we 
will proc^eed to the solution of three simultaneous simple 
equations^ involving three unknown quantities x^ y^ and z. 
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And we will continue to make use of the notation by 
the assistance of subscript numbers. 

Let the equations be as follows : 

X^^^Y^^-Z^z=A^, (1) 

-X"aX+l2y+Z2Z=,>?2, (2) 

-X3X+r3y+Z3Z=j33. (3) 

In these equations, as in those of the last example, 
the capital letters X, F, Z, are the coefficients of their 
corresponding small letters. The small numerals placed 
at the base of these coefficients correspond to the parti- 
cular equation to which they belong. Thus X^ is the 
. coefficient of x in the second equation j F3 is the coeffi- 
cient of 2/ in the third equation ; Zi is the coefficient of 
z in the first equation, and so for the other coefficients. 
The letter A is used to denote the right-hand members 
of the equations, or the absolute terms ; the subscript 
numbers in this case also denote the equation to which 
they belong 

This kind of notation, by use of subscript numbers, 
is very natural and simple, and combines many advan- 
tages over the ordinary methods. 

Having explained this method of notation, we will now 
proceed to the solution of our equations. 

If we multiply (1) by m, and (2) by n, and then add 
the results, we shall obtain 

+(^iw+Z2n)2=^im+^i*». J ^ ' 
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From (4) subtracting (3) we find 

{Xim+Xc0—X3)x+{Yim+Ys^ — ¥3)7/ > 

In order to cause y and z to vanish from this equation, 
we will assume 

Fim+r2»=F3, (6) 

Zim+Zi^=Z3. (7) 

This assumption causes (5) to become 

{^Xi7n-{'Xg^ — ^3)a;=*4i?7i-f~«>^a!W — ^3' (8) 

Therefore, 

Xitn -|- Xgin — X3 

We must now find the values of m and h, by aid of 
conditions (6) and (7) ; for this purpose we will multi- 
ply (6) by p and from the result subtract (7). We thus 
obtain 

^ (Fip— Zi)m+(72p— Z9)n=r3p— Z3. (10) 

Again, assume 

Y^=Z2. (11) 

Then equation (10) will give 

m 

From the assumed condition (11) we find 

i>=|. (13) 
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This value of p being substituted in (12) gives 

Y3Z2 Y2Z2 / 1A\ 

If in equation (10) we assume 

Ytp=Zty (15) 

Ihen will it become 

( Yf^—Z2)n= Yap—Zz. (16) 

Consequently, 

„=fcf. (17) 



(18) 



Condition (15) gives 

Substituting this value of p in (17), we find 

F3Z1— F1Z3 
FaZi— FiZa' 

or changing the sighs of the numerator and denomina- 
tor, we have 

7iZ3— F3Z1 ^j^^ 



FiZa-FaZr 



We have made this change in order that the values 

of m and n, given by equations (14) and (19), may have 
a common denominator. 



Substituting these values of m and n in (9) , we find. 



-^ - - 1; i«" ' «ion, 
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(155.) We will now proceed to point out some re- 
markable relations in the combinations of the subscript 
numbers, as given by equations (21), (22), and (23.) 

1. The denominator, wtiich is common to the three 
expressions, is composed of six distinct products, each 
consisting of three independent factors. Three of these 
products are posilire, and three are negative. 

II. The letters fornjing the iliffer ent products of this 
common denominator being always arranged in alpha- 
betical order X, F, Z, we remark that the subscript num- 
bers of the first product are 1, 2, 3. Now, if we add a 
unit to each of these numbers, observing that when tlie 
sum becomes 4 to substitute 1, we shall obtain 2, 3, 1, 
which are the subscript numbers of the second product. 
Again, increasing each of these by 1, observing as be- 
fore, to write 1 when the sum becomes 4, we find 3, 1, 

2, which are the subscript numbers of the third product. 
If we increase each of these last numbers by 1, observing 
the same law, we shall obtain 1, 2, 3^ which are the sub- 
script numbers belonging to the first product. A simi- 
lar ntethod of changing has already been noticed under 
Art. 74. 

What we have said in regard to the subscript numbers 
of the positive products, applies equally well in respect 
to the negative products. 

AI. The numerator of the expression for a:, may be 
g,.^^f ""om the common denominator by simply sub- 
Uumh "^ ^^ observing to retain the same subscript 
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The numerator of ihc expression fory may be derived 
from the common denominator, by substituting ^4 for F, 
observing to retain the same subscript numbers. 

In the same way may the numerator of the expression 
for z be found by changing Z of the denominator into 
A, retaining the same subscript numbers. 

(156.) We will now proceed to show how these ex- 
pressions, for a:jy,and 2, can be obtained by a very simple 
and novel process, which is easily retained in the me- 
mory, and which is applicable to all simple equations 
involving only three unknown quantities. 

Writing the coefficients and the absolute terms in the 
same order as they are now placed in equations (1), (2), 
(.3), we have 

-Xi Yi Zi = ^1,"^ 

-X2 Fa Z3 = -^2 , > (^) 

-X3 F3 Z3 = •as . J 

Now, all the products of the common denominator 
can be found by multiplying together by threes, the co- 
efficients which are found by passing obliquely from the 
left to the right, observing that if the products obtained 
by passing obliquely dovmwardsj are taken positively, 
then those formed by passing obliquely upwards must 
be taken negatively, and conversely. This is in accord- 
ance with the property of the negative sign. (See Art. 
17.) In the present case the products formed by pass- 
ing obliquely dovmvoardsy are taken positive. 

In this sort of checker-board movement, we must ob- 
serve that when we run out at the bottom of any column, 
we must pass to the top of the same column ; and when 
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we run out at the top, we must pass to the bottom of 
the same column. 

This method is most readily performed upon the black- 
board, by drawing oblique lines connecting the succes- 
sive factors of the different products. 

We will trace out this sort of oblique movement. 

Commencing with Jti, we pass obliquely downwards 
to Ya, and thence to Z3, and thus obtain the positive 
product of XiYiZz. 

Commencing with X2, we pass obliquely downwards 
to Y3, and since we have now run out with the column 
of Z's at the bottom, we pass to Zi, at the top of the 
column, and thus obtain the positive product X2Y3Z1. 

Again, commencing with X3, we pass to Yi, and thence 
obliquely downwards to Z2, and find the positive product 
XsYiZu' 

Now, for the negative products we make similar move- 
ments obliquely upwards. 

Thus, commencing with ^1, we pass to Y3, and thence 
obliquely upwars to Zgj and find the negative product 

XiYnZft. 

Commencing with X2, we pass obliquely upwards to 
Yi, and thence to Z3, and find the negative product 
•XaYiZs. 

Again, commencing with JX3, we pass obliquely up- 
wards to Yg, and thence to Zi, and thus obtain the nega- 
tive product A3Y2Z1. 

Having thus obtained the denominator which is com- 
mon to the values of x, y, z; we may find the numera- 
tor of the value of a:, by supposing the .^'s to take 
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the place of the -X's, and then to repeat our checker- 
board movement. By changing the Y's into the .^'s^ 
we shall find the numerator of the value of y; and by 
changing the Z's into .^'s, we shall find the numerator 
of the value of z. 

(157.) We will now illustrate this method of solving 
simple equations containing only three unknown quan- 
tities, by a few examples. 

(2a:+3y+4z=16, ^ 
1. Given } 3a:+^y7h72:=26, > to find x, y, and z 
I 4a:-t-2y+3z=19, ) 

We will first find the common denominator. 



Positive Pkoducts. 


Negative Pkoducts. 


2x5x3—30 


2x2x7—28 


3x2X4—24 


3 X 3 X 3- ^27 


4X3X7=84 


4x5x4—80 


138 


—135 


—135 


- 



3=common denominator. 
We have for the numerator of x the following operation 



Positive Pkoducts. 
16x5x3—240 
26X2X4=208 
19x3x7—399 


Negative Products. 

16x2x7—224 
26X3X3=— 234 
19X5X4=— 380 


847 
—838 


—838 



9==numerator, for x. 
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To find the numerator foi y, we have 

Positive Products. Negative Products. 

2X26X3=156 2x1-9x7=— 266 

3X19X4=228 3x16x3=— 144 

4X16X7=448 4X26X4=— 416 



832 —826 

-826 



6=DuiDerator, for y. 

To find the numerator for z, we have 

Positive Products. Negative Products. 

2X5X19=190 2X2X26=— 104 

3X2X16= 96 3X3X19=— 171 

4 X 3 X 26=312 4 X 5 X 16=— 320 



Hence, 



598 
—696 






3 ui 


im< 


jratoi 


X = 


i 


=3. 


V — 


f 


=2. 


z — 


3 
3 


— 1. 



—696 



When some of the coefficients are negative, we must 
observe the rule for the multiplication of signs. 

2x+4y— 3z=22, 
2. Given \ 4x — 2y-\r^z==\^y \ to find a:, y, and z. 
6x+7y— 2;==63, 
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To find the common ilenominator, we have 

Positive Products. Negative Products. 

2X— 2X— 1= 4 2X 7X 6=— 70 

4X 7X— 3=— 84 4X 4X— 1= 16 

6x 4X 5= 120 6x— 2X— 3=— 36 



40 —90 

—90 



— 60=common denominator. 
For the numerator of a:, we have 

Positive Products. Negative Products. 

22X— 2X— 1= 44 22X 7X 6=— 770 

•18X 7X— 3=— 378 18 X 4X— 1= 72 

63 X 4X 5= 1260 63 X — 2 X --3=— 378 



926 —1076 

•1076 



— 160=numerator, for x. 

Hence x= =-;;=3. 

— 50 

Proceeding in a similar way we find the values of y and z. 

3, Given < y4-iz=a, > to find J*, y, and z. 
( z-{-lx=aj J 

We will arrange the coefficients, omitting the unknown 
quantities, observing also to write for such terms as 
are wanting. 
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This arrangement being made, we have 

1 i = a 
1 i = a 
i 1 = a 

Positive Products. Negative Products. 

1X1X1=1 lXOXi=0 

0X0X0=0 0X^X1=0 

iXiXi=yV ixixo=o 

If = common denominator. 

For the numerator of Xj we have 

Positive Products. Negative Products. 
aXlXl=a aXOXi= 

aXOxO= aXiXl=— ia 

aXiXi=ia aXlXO= 



ia —ia 

•la 



|a=numerator, for x. 

Hence, a?=|a-r|f=ija. 

By a similar process is the value of y and z found. 
x+a{y+z)^=my 



4. Given -^ y+6(x+«)==n, ^ to find x, y, and z. 
z+c{x+y)=py 
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These coefficients, being properly arranged, give 



I a a 


— — 


m 


b 1 b 


- — 


n 


c c 1 


— 


P 


Positive Products. 




Negative Products. 


ixixi— 1 




IX cx b—bc 


b XcXa abc 




bXaXl——ab 


c XaXb — abc 




cXlXa ac 



1 -\-2abc — ab — ac — be 

b — ac — be 



1 -|-2a6c — ab — ac — 6c=common denominator. 
For the numerator of x, we have 

Positive Products Negative Products. 

mXlXl= m mXcXb= — bcm 

nXcXa=acn nXaXl= — an 

pXaXb=abp pxlXa= — ap 



m-f-acn+a6p —6cm — an — ap 

— 6 cm — an — ap 



m'{-acn'\-abp — bcm — an — ap==numerator of x. 

.- m+ac7i+a6i) — 6cm — an — ap 

cience. x= r-r-x— i i v ^ • 

l+2a6c — ab — ac — be 

In a similar way may the values of y and z be found. 

This solution is much shorter than by the ordinary 
methods of elimination. 

5. A, B, and C, owe together (a) $2190, and none of 
them can alone pay this sum ; but when they unite, it 
can be done in the following ways : first, by B's putting 
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4 of his property to all of A's; secondly, by C's patting 
I of his property to all of B's; or by A's putting | of 
his property to all of C's. How much was each worth ? 

Let Xy y, and z, represent what A, B, and C, were re- 
spectively worth. 

Then we shall have these conditions, 

y+^z=ay 

Clearing these effractions, and arranging the coefficients, 
we have 

7 3 = 7a 

9 6 = 9a 

2 3 := 3a 

Positive Products. Negative Products. 
7X9X3=189 7X0X6=0 

0X0X0= 0X3X3=0 

2X3X6= 30 2X9X0=0 



219=common denominator. 
For the numerator of x, we have 

Positive Products. Negative Products. 

7aX9x3=189a 7aX0x6= 

9aX0x0= 9flx3x3=— 81a 

3aX3x6= 46a 3aX9xO= 



234a —81a 

—81a 



163a=nttmerator of x. 
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Hence ^-153^- 153 X2190 _ 
Hence, x-^^_—^^^ ^^^^- 

For the numerator of y, we find 

Positive Products. Negative Products. 

7 X 9a X 3=189a 7 X 3a X 6=— 105a 

0x3aX0= 0x7aX3= 

2x7aX5 = 70a 2x9aX0= 

269a —105a 

— 105a 

154a=numerator of y. 
Hence, yt=r__=J540. 

For the numerator of z, we have 

Positive Products. Negative Prodijcts. 

7x9x3a=189a 7x0x9a= 

0x0x7a= 0rx3x3a= 

2x3x9a= 64a 2 X 9 X 7a= — 126a 

243a —126a 

—126a 



117a=numerator of «. 
Hence,z=^=1170. 

Collecting the results, we find that 

A was worth $1630. 

B " " $1540. 

C " " $1170. 
The student will find, after a^ little practice in this 
method, that it is much more simple than would at first 

sight seem. ^ 

Whenever some of the coefficients arc zeros, as in the 
3d and 5th examples, the work is much abridged, as in 
this case some of the products must become zero. 
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CHAPTER VIII. 

MISCELLANEOUS SUBJECTS. 

PROPERTIES OF ITUUBERS. 

(158.) Suppose the number JV* to be of the following 
form: 

If in this formula we suppose r=10, and each of the 

numbers oq^ ax, os? ^39 • a» to be less than r=10, 

then the above number will be expressed according to 
our decimal system of «otation. 

Thus the above formula, when adapted to the number 
37854, gives 

37854=4+5.10+8.10^^-7.10'+3.10^ 

In this way all whole numbers may be represented by 
formula (•^), where r denotes the base of the particular 
system of notation, and Oo, ai, ^2, ^3, . . • • a» are the re- 
spective digits, counting from the right-hand towards the 
left. 

(159.) We will make use of the symbol Sd to denote 
the sum of all the digits ; we will also represent the sum 
of the digits occupying the odd places, counting from 
the right-hand towards the left, by jS««; and the sum of 

the even digits by S^t^. % 

•• 

Our formula (^), is readily changed into 
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J\r=aa+ai{f—l)+as(r''—l)+aa(r*—l) . . ..an{t*—l). 

Now each of the expressions r — 1 ; r* — 1 j r* — 1 ; and 
^n — Ij is divisible by r — 1. Hence, if the sum of the di- 
gits is divisible by r— 1, then will the number be divisible 
^y ^-^-l. And whatever remainder is found by dividing 
Sdy the same remainder will be found by dividing JV. 

If we take the number 3458, expressed in the decimal 
scale, we find *Sd==20, which divided by 9 will give 2 
remainder, and this is the same remainder as found by 
diviifing 3458 by 9. 

If we take the number 3456, we find that 5^=18, is 
divisible by 9, and consequently 3456 is also divisible 
by 9. The same is true of the 24 numbers found by 
permuting these four digits, thus, 

3546; 3564; 3645; 3654. 
4536 ; 4563 ; 4635 ; 4653. 
5436 ; 5463 ; 5634 ; 5643. 
6435 ; 6453 ; 6534 ; 6543, 

(160.) Hence^ in general^ whatever remainder is found 
by dividing the sum' of the digits of any number by 9, 
the same remainder will be found by dividing the number 
itself by 9. 

(161.) If two numbers are composed of the same di- 
gits taken in a different order ^ their difference will al- 
ways be divisible by 9. 

For the divisibility of any number by 9, we have seen, 

depends upon the divisibility of the sum of its digits. 

Hence the difference of two numbers composed of the 

same digits must of necessity be divisible by 9. 
20 



3456; 


3465; 


4356; 


4365; 


5346; 


5364; 


6345; 


6354; 
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(162.) What has been said in reference to the digit 9, 
is applicable to the digit 3, since 3 is a divisor of 9. 

(163.) Formula {^) can readily be made to assume 
this form : 

JV=iS«u— iS^e«+ai(r-h 1 )+a2(r«— 1 ) +a3(r» + 1 )+, &c. 

Now each of the expressions r-j-l ; r^ — 1 ; r'+l j 
&c. is divisible by r-}-l. 

Hence, in the decimal notation, we know that if 
Sodd — Seven is divisible by 11, then will the number be 
divisible by 11. 

Thus, in the number 968341, we have jS««=10, 
Seun==^2l ; consequently iSflda — Sevcn= — 11. Therefore 
the number 968341 is divisible by 11. 

(164.) From the generality of formula (^), we see 
that there are analogous properties for each system of 
notation. 

(165.) Suppose we wish to transform any given num- 
ber expressed in the common arithmetical scale, into an- 
other number of the same value, having for the radix r, 
and having ao, «i, as, 03? &c. for digits ; that is, let it be 
required to put JV into the particular form as iexpressed 
by formula (^). 

If we divide each member of (^) by r, we shall ob- 
tain the remainder Co: that is, JV divided by r will give 
the remainder Oo ; dividing again by r, and we get the 
remainder an again, dividing by r, we find 02 for re- 
mainder, and so on. Hence we have this 
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RULE. 

Divide the number by the base of the new scale^ and 
write the remainder as the unites digit sought ; 4ivide 
the quotient by the base again^ and write the remainder 
as the digit next the unifs place ; proceed in this way 
till a quotient is obtained less than the base^ this quotient 
is the digit of the highest order in the number in its new 
form. Whenever there is no remainder j is the corres- 
ponding digit. 

EXAMPLES. 

1. Represent the number 2931 in the scale whose 
base is 8. 

Following the rule, we have this 

OPERATION. 

2931 



366 3=first remainder=ao, 



45 - - - - 6=second remainder=ai, 



8 
8 
8_ 

a4=5 - - - - 6=third remainder=a3. 
Hence, 2931=5.8^+5.8^+6.8+3. 

Now, if it be understood that the digits increase in an 
8 fold ratio from the right-hand towards the left, it may 

be written 5663. 

2, Convert 3714 into an equivalent number having 4 

for the base. 

OPERATION. 

3714 



4 
4 
4 
4 
4 



928 2=first remainder=£io. 



232 O==second remainder=ai, 



58 - - - - 0=third remainder=02j 



14 ' - - - 2=fourth remainder=a3) 



a'=3 - - - - 2=fifth remainder=a4. 
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Hence, if we consider the digits as increasing in a 
four-fold ratio, our number will become 

322002. 

(166.) To reduce a number from any other scale into 
into the decimal, we have this 

RULE. 

Mtdiiply the digit farthest to the left by the base of 
the scale in which the number is expressed^ and add the 
next digit to the product; multiply the sum again by 
the ba^e, and add the third digit; proceed in this way 
till the unifs digit is added^ the result is the number in 
the decimal scale. This rule is evivdently the converse 
of the last rule. 

EXAMPLE. 

Let 3465 be a number expressed in the scale whose 
base is 9, it is required to express it in the decimal scale. 

OPERATION. 

3465 
9 

31 =3x9+4, 
9 

285 =31X9+6, 
9 

2570=285x9+6. 
Hence, 2570 is the number sought. 

CONTERSION OF REPETENDS INTO VULGAR FRACTIONS. 

(167.) We wiH commence with simple repetends. 

An we will denote the successive figures which con- 
stitute the repetend by ai, Os, as, . . • • a«. 
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The general form of a repetend will be 

0M^af^s....anaia2fi2....an &c. 
If we denote this value by Sj we shall have 

S=0.aia2fl3 . • . • CLnCild^Z . • • • fln &C. (l) 

In this case Nie have supposed ^be number of figures 
in the repetend to be n. 

If we multiply (1) by 10*, we shall have 

5l0"=ai(72a3 . • • • an»CLiatflz» • • • ^n ^c. (2) 

The right-hand member of (1) was multiplied by 10* 
by removing the decimal point n places towards the 
right, we thus cause the decimal figures in (2) to occur 
after the point in precisely th^ same order as they oc- 
curred in (1). 

Subtracting (1) from (2), observing that the decimal 
parts will cancel each other, we have 

(10" — 1 )*=flia2fl3 . ... flu. (3) 

Consequently^ 5=- ^'^^^"'^\ {A) 

The denominator of formula (^) will consist of a suc; 
cession of 9's, as many in number as there are figures in 
the repetend. 



EXAMPLES. 

1. What is the value of 0.3333 &c,7 

3 

9 



•Ans. =-= J. 



2. What is the value of 0.123123123 &c. 



**"*• '^999—333" 
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3. What.is the value of 0.142857142857 &c.1 

142857 



•Ans, 



999999 



(168.) When the repctend is compound. 

Let 

a=the repeating period. 

»=the number of figures in a period. 
6=the non-repeating number. 
iii=tbe number of decimal figures in fe. 
5=the value Oi the compound repetend. 

Also, denote the successive figures which constitute 
the non-repeating part by 6i, 62? tsj. • • .^m- 

Then the general form of our compound repetend will 
be 

^=0.&i&2&3 . . • • htnP'XO.'jflz . • • • anfl 1^203. • • • On &C. (1) 

The value of the non-repeating part is evidently 

Did the part which repeats commence immediately af- 
ter the decimal point, then its value could be found at once 
by formula (^4), (Art. 167). But there are m decimals 
before the repetend commences, consequently its value 

is part of the value obtained "by formula {Ji) . Hence 

for the repeating part we find 

aid^s • • • • ^» 
10»»(10«— 1)' 

Hence, the entire value of (1) is 

616263 . . • . hfn , O'lCL&O'S . • • • a» 

^ 10^ '"lO'«(10«— 1)* 
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or which is the same thing, 

6(10'*— l)+g 
*^10«»(10«— 1)' 



{B) 



EXAMPLES. 

1. What is the value of 0.0178571421 

In this example n==6 ; m=3 ; a=867142 j 6=5=17. 

These values, substituted in formula (S), give 

17857125 1 



999999000 56 
2. What is the value of 0.0416 ? 



^ 41x9+6 375 



•9000 9000 24 



INEQUALITIES. 

(169.) When two quantities or expressions are equal, 
as the two members of an equation, this equality is de- 
noted by the symbol =. 

In a similar way the symbol >, placed between two 
quantities or expressions indicates that they are unequal, 
and the symbol is so placed as to open towards the 
greater quantity. Thus, ?7i>n shows that m is greater 
than n ; a<& shows that a is less than b. 

In the theory of inequalities, negative quantities are 
considered as less than zero. And of two negative quan- 
tities, the one which has the greatest numerical value is 
considered the less. 

Thus, 0>— 4, and — 5>— 8. 

Nearly all the punciples of equations will hold good 
in respect to inequalities, by con^dering the quantities 
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separated by the symbol >, as the two members of the 
inequality. 

Ab inequality is said to continue in the same sense j 
when that member which was greater previous to a par- 
ticular operation, remains so after the operation has been 
performed. And two inequalities are said to exist in 
the same sense in regard to each other y when the larger 
members both correspond with the left-hand members, 
or with the right-hand members. Thus, o>6 and m>7i 
exist in the same sense ; so also do x<Cy and r<jp. But 
a>& and x<^z are inequalities existing in opposite senses. 

7. The same quantity may be added or subtracted from 
both memhers of an inequality ^ and the inequality will 
remain in the same sense as before. 

Thus, if 6>2, and we add 3 to both members, we 

shall have 6+3>2-f3; that is, 9>5. Again, if 

— 3> — 5, and to both members we add 2, we shall have 

— 3-|-2> — 6-|-2 ; or, what is the same thing, — 1> — ^3 ; 

again, adding 1 to both members of this last inequality, 
we have 0> — 2. 

Hence, we may transpose any term of an inequality 
from one member to another, observing to change its 
sign. 

Thus, suppose we have 

3a;-fl8>38— J?, 

we have by transposition, 

3a:+a:>38— 18, 
or, 4a:>20. 
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H, Ihe corresponding members of two or more ine- 
qualities^ existing in the same sense in respect to each 
other J may be addedy and the resulting inequality will 
exist in the same sense a^ the given inequalities. 

III. But if the corresponding members of two inequali- 
ties ^ existing in the same sense^ be subtracted from each 
other y the resulting inequality will not always exist'in 
the same sense as the given inequality. 

In the two inequalities 

16>15, (1) 

14> 3, (2) 

if we subtract the second from the first, we find 

2<12. (3) 

This resulting inequality exists in a contrary sense to 
the first and second. 

IV. We can multiply or divide each member of an 
inequality by any positive quantity y without changing 
the sense of the inequality. 

V. Buty if each member be multiplied or divided by a 
negative quantity y the resulting inequality will take an 
opposite sense. 

VI. If both members of an inequality are positivCy 
they muy be raised to the same power without changing 
the sense of the inequality. 

VII. Buty when both members are not positivcy they 
mayy when raised to the same power y have the sense of 
their inequality changed. 

(170.) We will give a few examples involving the 
principles of inequalities. 
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EXAMPLES. 

1. Find the limit of the value of x in the inequality 

4x— 2>10. 

^ns. x>3. 

2. Find the limit of x in the inequality 

3x+2<12+a:. 

Jlns. a:<5. 

/ ax , . - a* X 
I — [-ox — ao>— , 1 

3. Given \^ ^,2 / to find the value of x. 

/ ax-i-abK^—j \ 

^ n n ^ 

Cx>ay and x<6. That is, any 
*^ns. } value between a and 6 will sat- 
( isfy the conditions. 

4. A boy being asked how many apples he had, re- 
plied , ^^ I have more than three score^ and half my num- 
ber diminished by 13 is less than a score.*' How many 
had he 1 

These conditions expressed in symbols, are 

«>60, 

|-13<20. 

This second condition gives 

x<66. 

Hence, any niunber between 60 and 66, exclusive^ 
will satisfy the above conditions. 
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PERMUTATIONS. 

(171.) The different orders in which quantities may 
be arranged, are called their permutations. 

In our investigations we shall use the same letter, with 
different subscript numbers, to denote the quantities to 
be permuted. Thus, let the n quantities to be permuted, 
be represented by ai, 09,(13,04,05, . • • .Om. 

(172.) We will now proceed to determine the expres- 
sions for the number o{ permutations of n different things, 
when taken one and one, two and two, three and three, 
, . • .r and r together, where r is any positive integer not 
greater than n. 

The number of permutations of n things taken sepa- 
rately, or one by one, is evidently equal to the number 
of things, or to n. 

The number of permutations of n things, taken two 
and two together, is n{n — 1) . 

For Oi may be placed successively before 03, 03, 04, as, 
....am, and thus form (n — 1) permutations taken two 
and two together ; au may be placed sucessively before 
oi, 03, 04, 05, • • • .On, and thus form (n — 1) permutations 
different from the former, and the same may be done 
with each of the quantities 03,04,05, . . • .o*, and we shall 
thus obtain (71 — 1) permutations two and two together, 
repeated as many times as there are individual things, 
or n times. Hence, the total number of permutations 
of n things taken two and two is n (n — 1). 

The number of permutations of n things taken three 
and three together, is equal to n{n — l)(w — ^2). 
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For we have just shown that the nuiLber of permuta- 
tions of n things two by two is n{n — 1), therefore the 
number of permutations of ^2, asj ^4,^5} ....an^ taken two 
and two, is found by diminishing n by a unit in the ex- 
pression n{n — 1), whic(i thus becomes (n — l)(n — ^2). 
Now, writing ax before each of these permutations, we 
shall find (n — l)(n — ^2) pei mutations of three by three, 
all commencing with ai. It is obvious the same thing 
may be done with all the other letters, 02, as, 04, as. • • • a». 
Therefore, the total number of permutations ofn things 
taken three by three is n{n — l)(n — ^2). 

By a similar process we should be able to show that 
the number of permutations of n things taken four and 
four is 

n{n—l) (n— 2)(7i— 3). 

(173.) By this method of induction^ we infer that the 
number of permutations of n things taken r and r to- 
gether^ will be given by the continued product of the 
natural numbers descending from n, until as many fac- 
tors are used as th^e are things in each permutation. 

The general expression wUl be 

»(7i— l)(n— 2)(n~3)...;(n— r+1). {A) 

If we suppose r=n, then all the' diflferent things will 
be found in each permutation, and formula {A) will be- 
come, where the order of its factors is reversed, 

1X2X3X4X5.... (n—l>i, (B) 
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which is the product of all the natural numbers as far 
as n» 

EXAMPLES. 

1. How many permutations can be made of six indi- 
vidual things, all being taken at a time 1 

Ans, 720. 

2. In how many different ways may 15 persons sit at 
table ? 

1X2X3X4X5X6X7X8X9X10X11X12X13X14 
' , X 15=1307674368000. 

id 3. How many changes can be rung on 8 bells} 

An$, 1X2X3X4X5X6X7X8=40320. ' 

(174.) Let us endeavor to find the number of permu- 
tations of n things, when any assigned number of them 
^ become identical. 

, ^ Thus let us find an expression for the number of per- 

mutations of n things, r of which are identical with each 
other. 

We have already found the number of permutations 
of n things all taken together, supposing them all differ- 
ent from each other, to be 

«(» — 1) 3.2.1. 

If r of these quantities become identical, the permuta- 
tions which arise by their interchange with each other, 
or from their particular permutations, which are 

1 X2X3 . . . .r in number, for any assigned position of 

21 
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the other letters^ are re^luced to one. The number of 
permutations, therefore, when all the letters are differ- 
ent from each other, is lX2x3....r times as great 
as when r of them become identical. Or, in other 
words, 

n( n— 1)X 2X1 

1X2X ...r ' 

is the expression for the number of permutations under 
the circumstances supposed. 

If, in addition to r quantities, which become identical, 
there are s others, which, though different from the for- 
mer, are still identical with each other, then there are 
1 X 2 X 3 X . . . • ^ permutations corresponding to their in- 
terchange with .each other, which are reduced to one, 
for any given position of the other quantities. The ex- 
pression for the number of permutations, under these 
circumstances, becomes 

n(n— 1)X ....2X1 



1X2X ....rXlX2X ....* 

The same reasoning obviously applies to any number 
of classes of letters or things which become identical 
with each other, and consequently if, of n quantities, rx 
are of one kind, r^ of another, rg of a third, and so on, 
as far as Vm of the mth class, then their whole number 
of permutations will be expressed by 

n{n—l){n—2) x . . • .3 x 2 X 1 

-^ ~- • — — — - ,,^ . ■ - I - I liar 

1X2 riX 1X2 rgX 1X2. . . .raX 1X2. . . .r« 
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(175,) We will illustrate this formula by a few 

EXAMPLES. 

1. Find the number of permutations {p) of the letteis 
in the word Algebra, 

In this case n=7, and the letter a appears twice ; con 
sequently, 

7.6.5.4.3.2.1 ^.^^ 

2. Find the number of permutations (p) of the letters 
in the Avord perseverance. 

In this case n=12^ and the letter e appears four timeS; 
and r twice. Therefore, 

„ 12.11.10. 9j^.6.5.4.3.2.1 
^ 1.2.3.4x1.2 

3. In how many different ways may three maple trees^ 
five ash trees, and two elm trees, be set out in a single 
row ? Ans. 2520. 

COMBINATIONS. 

(176.) By combinations of different letters or quanti- 
ties, we mean the different collections which can be made 
of any assigned number of them, without reference to 
the order of their arrangement. Thus, atttiy aias, and 
0203, SLre the only different combinations of the three let- 
ters ai, 0^, as, taken two and t^ g together, which form six 
different permutations. There is only one combination 
of the same three letters, taken all together, though they 
form six different permutations. 
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(177.) We will now proceed to determine the number 
of combinations of n things, taken r and r together, when 
r is less than n. 

The number of combinations of n things, taken sepa- 
rately or one and one together, is clearly n. 

The number of combinations of n things, taken two 
and two together, is — -— r — . 

J m/£t 

For the number of permutations of n things, taken 
two and two together, is 7i(» — 1) (Art. 172); and there 
are two permutations (01029 0'^\) corresponding to one 
combination ; the number of combinations will be found, 
therefore, by dividing the number of permutations by 2, 
or 1.2. 

The number of combinations of n things taken three 
and three together, is 

n(n— l)(n— 2) 

i:2::3 • 

For the number of permutations of n things, taken 
three and three together, is n(n — l)(n— 2), (Art. 172), 
and there are 1.2.3 permutations for one combination of 
three things. The number of combinations will there- 
fore be found by dividing the number of permutations 
by 1.2.3. 

By the same reasoning we might show that the num- 
ber of combinations of n things taken r and r together, is 

n(n— 1) (n— 2) . , , , (n— r+1) ^pv 

(178). We will illustrate this formula by a few sim- 
ple 
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EXAMPLES. 

1. How many lottery tickets, each having three num- 
bers, can be formed out of 60 numbers t 

Jins. 60X59X58^3^^^^ 
1X2X3 

. 2. How many diagonals can be drawn in a polygon 
of n sides 1 

It is evident that the whole number of lines which can 
be drawn by joining the corners of the polygon is equal 
to the number of combinations of n thin^, taken two 
and two, since a line can be drawn from any point to any 
other point. 

Hence, the whole number of lines thus drawn is 

n{n — 1) 

Sut n of these lines must be required to form the sides 

of the polygon. Therefore the number of diagonals is 

n(n— 1) n(» — ^3) 

' — ':m — — fi== — — — . 

1.2 2 

3. How many different triangles can be formed by 
joining the corners of a polygon of n sides, counting 
only such triangles as have their vertices corresponding 
with the corners of the polygon ? 

Now, as three points will determine the position of a 
triangle, it is evident there must be as many triangles 
as the number of combinations of n things taken three 
and three together, which is 

n(n— l)(7i— 2) 
1.2.3 
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PROBABILITIES. 

(179.) There is scarcely any subject which admits 
of a greater yariety of instructive illustrations than the 
The<yry of Combinations. For it is by the aid of this 
theory that many nice calculations are made in reference 
to chances and probabilities. We will for this reason 
make a few remarks, in this place, concerning the me- 
thod of applying algebra to the calculation of proba- 
bilities. 

(180.) If a expresses the number of favorable events 
or cases, and h the number of those which ar« unfavora- 
ble, the chance of the favorable event or of the recjuiretl 
case existing, is expressed by 

a 



a+h' 

while the chance of an unfavorable event or of the re- 
quired case not existing, is expressed by 

h 

(181.) From this mode of representation, it will fol- 
low that certainty^ which supposes all the events favora- 
ble, in the first case, when 6=0 ; or all of them unfa- 
vorable, in the second case, when a=P, will be ex- 
pressed by 1. The ratio, therefore, of the chances to 
certainty^ or of the degree of probability to certainty, 
will be the ratio which the fraction, by which it is de- 
noted, bears to unity, or the ratio of its numerator to its 
denominator. 
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(182.) The ratio of the chances of success to that of 
failure, or the ratio of the odds for or against^ as ex- 
pressed in popular language, will be that of a to b^ or of 
( to ay which are the numerators of the fractions by which 
the respective chances are denoted. 

(183.) The following are examples of tKe representa- 
tion of simple chances : 

1. What is the chance of throwing an ace with a sin- 
gle die 'i 

There is only one face which can be uppermost ; that 
is, there is but one favorable case, while there are five 
unfavorable cases. ' The chance^ therefore, that this face 
is the ace, is j. The chance that this face is not the ace 
is I, for there are five out of six equally possible cases^ 
which are favorable to this last case. 

The chance that the face thrown is either an ace or a 
deuce, is | or |. For there are here two favorable cases 
out of six which are equally likely to happen. The 
chance that it is neither an ace nor a deuce is ^=|. 

If the die had been a regular tetrahedron, whose faces 
were marked with the numbers 1, 2, 3, 4, the chance of 
its resting upon an ace would be j, the chancy of its not 
doing so would be f . 

The chance of drawing the ace of spades from a pack 
of 52 cards, is j\. The chance of drawing any one of 
the four aces is y j^^t j l ^^r there are four favorable 
cases out of fifty-two which are both favorable and unfa- 
vorable, and all of them are equally likely to happen. 

(184.) If 14 white and 6 black balls be thrown into 
an urn, the chance of drawing a white ball out of it, at 
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on« trial, is ^{s/,. The chance of failurei or of draw- 
ing ablack ball, is -f^^^^^. 

In the preceding, and in all other cases, the chances 
of success and failure of the same event are supplemental 
to each other, their sum being equal to 1, which is the 
measure of certainty. The knowledge of one, therefore, 
necessarily determines the other. 

(185.) The following are some examples ofcompotind 
chances : 

To find the chance of throwing an ace twice in suc- 
cession with a single die. 

There are six cases which are equally likely to occur 
at the first throw, and the same niunber at the second. 
These may be combined or permuted together in 
6x6=36 different ways which are equally likely to 
happen, and only one of them \s favorable. The chance 
is therefore ^V- 

The chance of throwing two aces at one eontempora-' 
neous throw with two dice, is equally ^j : for the suc- 
cession of time makes no difference whatever in the num- 
ber of favorable and unfavorable permutations. 

The chance of throwing an ace at the first throw, and 
a deuce at the second, is also ^V • ^^^ there is only one 
favorable permutation out of 36. 

The chance of throwing an ace at one throw, and a 
deuce at the other, without reference to their order of 
succession^ is j\ : for in this case there are two permu- 
tations forming one combination, (1, 2 and 2, 1), which 
are favorable to the hypothesis made, and two only out 
of the whole 36. 
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(186.) The chance of an event contingent upon other 
events, is the continued product of the chances of the 
separate events. 

Let the several chances be 

ai+6i' fla+fts' 03+63' ' On+bn 
where aiy os^ a^y. ...a^ represent the numbers of cases 
which are favorable, and (i, (s^ &3) • • • • (» the numbers of 
cases which are unfavorable, to the particular hypothe- 
sis made in each separate event, whether of success or 
failure. 

ffe will consider, in the first instance, the chance 
which is dependent upon the two separate chances 

*^ and *^ 



Every case in Oi+i, may be combined with every 

C5ase in o, 4"6a y ^^^ *^"s ^'^''t''^ (^ i +6 1 )(fi2 "H^a ) combi- 
nations of cases, which are equally likely to happen. 

The fav.orable cases in the first (a,) may be combined 
severally with the favorable cases in the second (fl,)| 
and thus form a, Xa, combinations of case favorable to 
the compound event. 

Hie compound chance is therefore denoted by 

giXa, 

(«.+6,)K+^)' 
which is the product of the separate chances. 

We will now consider the chance of the event contin- 
gent upon three other events, whose respective chances 
are 



«i+6r ^2+^2 03+*s 
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The several combinations of all the cases in the two 
last chances, which are by the last case,(aiH-(i)(as+^s) 
in number, may be severally combined with the crs-f-fts 
different cases both favorable and unfavorable, of the 
third chance, and thus form (ai+6i)(ff2+ft9)(fl3-|-63) 
combinations which are equally likely to happen. 

The favorable cases in the two first chances, which 
are.OiXos in number, jnay be combined severally with 

the 03 favorable cases of the third chance, and thus form 
aiXosXos cases which are favorable to the compound 
event. 

The chance, therefore, of the compound event is 

fliXflaXfla 

which is the product of the simple chances. 

It is obvious that ihe chance of a compound event de- 
pending upon a greater number of simple events may 
be found in the same way. 

This is a most important proposition in the Doctrine 
of Chances, and makes the calculation of the chance of 
any compound event dependent upon the separate and 
simple chances of the several events, in their assigned 
order, upon which it is dependent. 

(187.) We will add some cases of compound chances. 
1. What is the chance of throwing an ace in the first 
only of two successive throws ? 

nrh** first simple chance is ^, 
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Iwo The second simple chance is {: for an ace must not 

•I]] ^ - be thrown the second time, and there are five favorable 
fi, cases for its failure. 

lie ^ The compound chance is therefore | X i=iV- 

■h] 2. What is the chance of drawing the four aces from 

a pack of cards in four successive trials 1 

^j^}j The first simple chance is/j. 

pjy, The second simple chance is ^'y. 

}m For if an ace be drawn the first time, there will remain 

uii<i only 3 aces and 61 cards. 

The third simple chance is ^. 

For if two aces be drawn the two first times, there 
will remain only two aces and 50 cards. 

The fourth simple chance is, by the above reason- 

The compound chance required is, therefore, 

tie- . 4 .3.2.1 _ 1 

ay 52.51.50.49""270725' 
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